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Th.is course is an introduction to a branch of
mathematics called complex analysis which is
ultimately concerned with the study ofspecial
types of functions which are called holomorphic
As we will see thesefunctions are almostmagical
satisfying several very nice properties

and a large
amount of theory has developed around holomorphic
functions and relatedideas

Although interesting in its own right complex
analysis aka the study of holomorphicfunctionshas proven itself to be an indispensible tool
in modern mathematics and areas relying heavily
on sophisticatedmathematicalmachinery such
as quantum mechanics

Before jumping into holomorphicfunctions and all

ofthe beautiful theory surrounding them thoughwe need to spend some time setting the stage
whichhere means we need to get comfortable with
complexnumbers Over the nextfew lectures
we'll introduce complexnumbers see the arithmetic
and geometric properties ofthese numbers andwork our way up to introducing mapping

between



complex numbers First though let's start
with some background and history

The complex numbers we'll soon describe are

numbers that arise in considering roots of
polynomial equations In particular these quantities
allow us to make sense of square roots of
negative numbers such as F Butwhy would
we even care about roots of negativenumbers How
couldsuch things be remotely useful

To see the utility of considering roots of a
negative number let's consider a

very concrete
geometric problem Suppose you wanted to
determine the point of intersection between

a line the set of points in the plane 112
satisfying some equation axtby c or if
you insist y mxtb

and a quadratic
some eqn 4

2 7 β 8

For example if we want to findthe intersection of 444 of21
2 1



Then we are lead to the equation

1 2 1

which we may rewrite as

x 2 0

We can easily solve this equation using
the quadratic formula to find

HE
a

2

So the x coordinates of our intersection are
1 and 2 and we can plugthese back

into either
y
xtl or

y x 2 1 to get
the corresponding y

coordinates and see our curves

intersect at 12 1 and 1,2

But what if our curves were instead

4
25 2 1 and

y
x 2



y x 2

These curves no longer intersect and if we

tried to algebraically determine their intersection
we'd have

x t E t E
Notice we have a square root of a negative
that appears Mathematicians living before the dawn

of complex numbers viewed square roots ofnegatives
as impossibilities and viewed the equation above
as simply meaning the curves never intersected and
were fine to leave it at that

But we could also consider intersecting a line
ax tby c with a cubic curve 4

2 3 β Tx 8
Geometrically we can see such curves will

always intersect the cubic always has a



side approaching x and a side approaching
so it can't avoid hitting anyftp.tpitrxts

amy

Of course finding our point of intersection
will boil down to finding the roots of some
cubic polynomial after writing each equation as

4 blah blahblah we'd equate our two righthandside expressions then combine like terms andhave
something of the form

AI BE x XD 0

If we're lucky this will factor but for a
generic choice of coefficients A B C D this won't
factor in any nice obvious way It'd be nice
then if we had something like the quadraticformula
but for cubic equations Luckily such a thing
does exist We'll present the result we

need now and leave its derivation as an exercise

We begin with a helpful definition andlemma



A cubic polynomial is called depressed if its
quadratic term is zero That is a depressed
cubic is one of the form AX Bx c

Lemma

By changing coordinates every cubic maybe transformed into a depressedcubic

Homework exercise

What's convenient about depressedcubin is that
we have a nice expression for their roots

Leme Cardano's formula
the depressed cubic equation

x px q 0

is solved by

FEET _FIFE
PFHomework exercise
Notice that if 548 then this expression



will necessarily involve square roots of negatives Keeping

in mind that we were lead to this expression
by trying to determine where a line and a cubic

intersect we can't just ignore rootsofnegatives
as being indicativeof there being no intersection

points as we have noticed a line and cubic
will always intersect

The Italian mathematician RafaelBombelli considered
this oddity in the 1500s while thinking of
the solutions to the equation

43 15 4

Which we could interpret as giving the point
of intersection between the cubic y x ̅ and the
line 4

15 4

From simple inspection Bombelli noted 4 4
solved this equation 43 64 and 15 4 4 60 4 64
However Cardano's formula above doesn't directly
give us 4 Instead writing the equation as

15 4 0

and so p 15 q 4 in Cardano'sformulagives



us

FEET _FLEET
FEFFED TEETER
FIT TET

FEE THE

FELT

TEE TEE

TEE TEA

Now we have a conundrum on the one hand we

know 4 4 should be a solution to our equation
but on the other hand Cardano's formula tells
us the solution should be this nonsensical

expression involving square root ofnegatives
IF TRI

Barbell was bold enough to suppose that
perhaps these quantities were equal maybe



there's some reasonable way to show

IF TEA 4

Here Bombellimakes a very bold assumptionhe goes so far as to suppose TIF could
be written as 2 aft and also that
TF could be written as 2 aft for

some a If that were true the aft
terms would cancel out giving us back 4

when added together Now let's see if
we can justify Bonbelli's wildthought

If TFT 27 aft then 2 5 15 2 451
Now we compute

2 af 23 3 2 aft 3 2 aft aft
8 12 aft 6 a t a f 1 f I
8 6a 11ha a FI

If this were to equal 2 11ft then

8 6 a 2

12 a a 11

Notice we can solve the first equation for a



to obtain
8 6a 2

6 65
1 a

a

If we plug them into our second equation
we have

12 1 1 121 17 1 11
12 1 12 1

11 11

Thus a and THE 2 Fl

We can similarly show 2 F 2 11ft
so TF 2 Fi

Using these computations we see that Cardano's

formula does in factgive us 4

FIFI TF 2 71 2 FI
4

So there non sensical square root of negative
give us red answers to problems we may



care about

Today complex numbers arise and are used in

several diverse areas of math geometry numbertheory
and algebra all use complexnumbers in fundamental

ways And as paradoxical as it may
sound at

first many problems in math become easier

when complexnumbers are considered

As one example whose details are outside the
scope of this class let's briefly mention an important
result from algebraic geometry Suppose you hadtwo curves in the plane which were given by
polynomial equations no one curve is given by
some equation say a

y 3
4

t y
o

and we have a second curve maybe some

kind of quadratic in x and y

Axt Bxyt y Dx Ey 7 0

Of course different choicesof A B F
give us



different curves and we
may

ask how manytimes our quarti above intersects the quadratic
In the normal real plane this number ofintersections
changes based on AB F

n

A 1 BA C 2 7 4 E 0 F 4
No intersections ABEEF

One intersection

t

A 4 D C 2 D 8 E 0 F 4

Two intersections

When we consider the complex version of this problem
though lie we allow x and y to be complex

numbers

an important result called Bezant's theorem says these



will always intersect 8 time More generally curves

given by polynomials of degrees m and n always
intersect win times when we consider the complex
xy paint satisfying the polynomial equation There

are several details here we're sweeping under the rug
but morally Bigot's theorem sayswhatwe've stated
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LectureO2ThirithmeticGeometrycfthecomplexplane
In the last lecture we saw some history of howmathematicians we lead to seriously consider

square roots of negatives Now we jump forward a

couple of hundred years andgive a modern introduction

to the complexnumbers

We begin by giving a special name to the

square root of 1 we call it the imaginayunit
and denote this quantityby i Note 5 1

A purelyimaginarymumte.namemultiple ofi that is an expression of the form iy where

yer
A complement is the sum of a real numberand a purely imaginary number iy xting The set

of all complexnumbers is denoted Q
E xtiylx.gr

We'll often let the variable z denote an arbitrary
complex number Z xtiy
Given a complex number texting we call



the realpart of the number and denote it RealWe call
y just

the realnumber y not in the
imaginaypart of the number and denote it In e

For example if 2 7 31 then Relz 7 In 7 3

if Z T 5i then Re z T In 21 5

if Z 4i then Relz 0 In e 4

if 2 13 then Relz 13 In 121 13

Extending the last example we can think of
each real number as being a complexnumber just
one that has zero imaginarypart Thus we can

interpret the setof real numbers IR as a subset

of the complex numbers IR EQ

Given two complex numbers Z Xitiy and Zexatiya
we can combine them together to get a new complex
number in a few different waysThe sum 2 Ze is defined as

Z Zi itXetily y Ref Re ti Infantil

The product Ziz is defined as

Z Z x iy exiting
X X t xiyztiyiet.iq 42



hixe yydtilx.pt x y
With these definitions of additionandmultiplication we

can show that the set of complex numbersforms a
field In general a field is a set with
two binary operations addition and multiplication
see that several axioms are satisfied
Addition is associative Vain CEF lath to at Ibtc
Addition is commutative chef athebta
There is an additive identity 70 EF at O a a

There are additive inverses Vat C a EF at 1 a 0

Multiplication is associative a h EE Call c a b d
Multiplication is commutative Va bEF ais b a

There is a multiplicative identity FLEE Vae 1 a a

Every non zero elementhas a multiplicative inverse

at 403 a EF a a

Multiplication distributes across addition
a b CEF a bt c abt a c

The reals IR and rationals Q are also examples of
fields but the integers I dont form a field
The take away from having a field is that you
can do arithmetic and all the normalrulesyou
expect to hold will hold For example you can

prove that a field never has zero divisors i e



the product of any two non zero elements
i

not zero This isn't true in other more

general context E.g in the setof 2 2 matrices
we can have non zero matrices that multiply together
to give the zero matrix suchas

8

Since we claim withoutproof that C is a

field we are required to have multiplicative
inverses I e we need to be able to divide
complex numbers Let's see if we can work
through what I must be That is given
2 xti can we determine the real and

imaginary part of If we could then
we could divide any

number by z

For example it will turn out that

3T
i

Once we know that we could easily divide any
complex number by 3 41 Eg

25,1T 125 501 It
25 50 i

3 4 Gi 8
11 22



Now how can we determine One reasonable

way to do this wouldbe to suppose z xtiyand atib write out z in terms of
a hix and solve the resulting system of linear
equation This will work but is tedious There's a

better
way though

in order to describe it we

need to introduce a new operation

Given
any complex number texting we define its

conjugate denoted E to be the complex number

E x iy
E
g if 2 5 21 then I 5 2i

Before seeing how the conjugate will be helpful
for computing let'sgo ahead andmention somebasic propertiesof conjugates

biffz z EQ then Eze I and III e

We'll only prove that conjugatespreserve sums and
leave the corresponding statement aboutproducts as an

exercise Let Zex tiny texting and consider



EZ Fiyitxtiyd

Fxttily.tt
hit xD ily yd
exit x iy iy
X iy x in

X.TT Eye
Z E

Another important propertyof conjugates which we'll
need in getting a nice expression for is that

for every complex number 2 the product of
with it conjugate is always real z z EER

Lenne
For every ZEE the product Z E is real

PfLet Z xtiy so E x iy Then

z E xtiy lx if x ̅ ixytixy if
x ty



Let's now use the above to get a nice expressionforNotice that regardlessofwhat 2 is Thus

1T
So for example Ii 75 75
Now let's use this to divide two complex
numbers The generalstrategy is

F EITEL
For example

i

Now that we've describedthe basic arithmetic operations
of the complex numbers let's turn to their geometry
First notice we can identify the setof complex
numbers 1C with the Euclideanplane 112 in a

natural way identifying the number x iy withthe point 4
gg

rim We often callthe

t.tt t ffiiEutit ne

of Me imaginative
4 2i



Now the addition of two complexnumbers canbe seen as the sum of the vectors in the plane
from the origin to the corresponding point
For example we can algebraically compute

3 2 1 21 4 i

by simplying adding the real and imaginarypart
ofthe numbers but we can also visualize this

using
vectors Recallthat we perform vector addition

in plane by placing the vectors tip to tail
and filling in the missingsideofthe triangle

f

i

Thinking of a complexnumber as corresponding to
a point in the plane or a vector from the origin
to the point there is a natural notion of
a complex number's absolute value it is simply



the lengthof the corresponding vector To be
a bit more explicit if z xtiy we define
let to be ftp So for example

15 12

fastenII I

Rematte
absolute value It is often calledthe module

of z

Notice thatthe unit circle in the plane could
be described as the setof all zEC satisfying
121 1 This set the unit circle is oftendenoted S

i s ze a 1

The untdi.se denoted ID will play an important
role in some more advanced applications ofcomplexanalysis
particularly hyperbolicgeometry and can be described



as all ZEC with modulus less then 1

zeHzKB

Notice 54N the disc
does notinclude its boundary
which we denote graphically
bymakingthe boundary dashed

Products of complex numbers alsohave a nice geometric

interpretation but before describing it it will be
helpful to see another way to

describe complex
numbers

As a preliminary step to giving another description
of complex numbers let's first observe that if
we multiply a complex number z xtiy by
a real number XER we have It Xxt ilyWhen 7 0 this simply stretches out our x and y
coordinates by a factor of X If 7 0 the
point is rotated 180 aboutthe origin thenstretched

by IX Thus multiplying a complex t.EE by a

real XER agrees with our usual notion of scalar
multiplication of vectors in IR



A

I l

I I

I

Now
suppose 2 was a point on the unit evicle

Then 2 cost tisin 0 where is the angle
made by a segment from 0 to 2 measuredfrom
the positive partofthe EEii d

2 cost tisine

E IE cost is E

Now if Z was some point distance r 121 from
0 then we can obtain 2 by taking a point
cost isint of 5 and multiplying it by r there

is still the angle made by a segmentfrom 0
to z measuredfrom the positive real axis

ttisi.tl costtirsi.co



Notice some simple trig can tell us what
is in terms of the real and imaginary partsof2

in

1s It
And the corresponding r is just r lzl iF

Of course all we're really doing is describing the

point in polar coordinates justusing complexnotationBut just to recapitulate the complex number
2 it can be written as z r cost isin G
where r tekF and tai E

In this context the angle above is often
called the argument of 2 and is denoted argle
Notice that angle i.no a function on 2 as there

infinitelymany possible
values for aglet differing by

multiples of 2T For example argli i maybe considered 9
So argle is

not one number but is a set of numbers In
order to have a function we can limit ourselves
to the angle in C T.TT This is the principalargument
of t denoted A y t



Let's see what this tells us about complex
multiplication suppose 2 ZE 1C where
Z F r cost ish f r cos i sin 0 and
Z
p

eoswtis.in w pcos
wt igsinw Their product

can be computed as

Zizz r coso tirsin foosout if sin w
rf costcos w if sint sin w ti

ry
costsincr t of

sinfeos

rf costcosw sintsin i costsince sin cosw

This lookspretty bad atfirstglance but if weremember some trig identities things simplify nicelyRecallthat the angle sum identitiesfor sine and
cosine we

sink f costainβ sind cos w
cos atβ costcosβ sindsiβ

Using there to simplify the above we have

Zize rf cos to is.in otw

Thus the productof two complexnumbers multiplies
the moduliand adds the arguments

I

2 cos Es i2sin ED 3 cos i sin 1
6 cos F 6 sin F



a

31105 isin

Note that multiplying by i then rotates 2 byFz 90 counterclockwise as i cos isine
G Z

i cos isin E cast isnt

Multiplying by i corresponds to 90 rotation clockwise
Multiplying by a positive real is a 0 rotation IX sotisino
Multiplyingby a negative real is a 180 rotation X Xkost isint

In generalmultiplication by ZES so 121 2 corresponds
to rotation by argle

Puthis
interpretation ofmultiplying by aimplex

number 7 resulting in scaling by 121 and rotating
by angle will bevery important

when we discuss

complex mappings



compler mappings

Our computation above basically proves the
following lemma

FEEL
any complex numbers z.tt

lzizl lzl.la and arglaze angle tangled

RThe
minor issue needs to be addressed here

if agG isn't a single number what does

orgGiltaglel mean We should really
think of aug6 a a set

angle Argle 27mm EZ

Cg again

If we have two set of numbers say
A BER or A BE we define the sum oftwo sets as the set of all possible sums of
an element in A with an element in B

At B ath a.CA bets



We'll finish up with one of the most commonlyused inequalities in analysis

Fhm The Triangle Inequality

If z ZEE then lz.tzeklz.lt led
Pf
I 2 tzd É

T.tzl.fz.az
Fzl CEFE

FItzEZetEE

THERMITE

FTt2RelzHÉ
2 21 52

7212Mt

Fitment

71kt

Hiltled
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Eubisfmuk.chthe last lecture we saw that everycomplex
number Z xtiy can be written as z rfos isnt
where r Tty and tan In this lecture
we'll see a

very
convenientway to represent the

cost isnt part of this number due to Euler

Let's first recall a few factsfrom calculus
Under some assumptions about Flx a function
F x can be written as

F x Fla F a x a f a f a

E Fma
For example if f x cos x and a 0 we have

cos x cos 0 sin o x cos d sin o cos a y sinto t

1 Ox 0 OTE

1

HIT
Similarly sink _E Hi I



and E

In general the Taylor series for 717 centered at a

F a

converges in some interval around a the series
interval of convergence thoughfor e cost and sink
these series will converge for all x in 1 0.7

Recall also that series Iran is absolutely

convergent if and
converges Absolute convergence

is stronger than just convergence since it implies
convergence but convergence does not imply absolute
convergence If a series converges but is not
absolutely convergent the series is called
conditionallyconvergent

Here are two important theorems about absolutely
and conditionally convergent series you may notbe aware of but which are extremely important

They Iran is absolutely convergent and if
air is some rearrangement of the a terms
then Isai is also absolutelyconvergent and Eai Eai.rs



Thief Ibn is conditionally convergent and but
then for every MER there exists some

rearrangement bi of the bn terms so that
Ʃbi M

That is if a series is absolutely convergent
then its terms can be rearranged and the
value of the series is not changed but this
is veryfalse if the series is onlyconditionally
convergent

Theproofofthese theorems are a bit technical
they're reallypartof real analysis so we'll

postthem at the end ofthese notes andleavethem as optionalmaterial you can thinkthrough if
you're interested

Let's now try to use the Taylorseries above
to see if we can determine what it shouldbe
First we will define et using the same series
as e for real Since E It we'll

define it as

I



Now
using that lz.tl tailed a factwhoseproof

we'll leave as an leasy exercise let's observe

I l 1 1 E 1 1
This series must converge as the power seriesof et
is absolutely convergent Hence e't is also absolutely
convergent Thus we may rearrange the

terms of
the series representing e't

Before rearranging the terms let us observe

1 1 i i i 1 i i

i it e i i 1 i i

and so on

We'll use this to rearrange the terms of
e by grouping the realandpurely
imaginary terms together

e Ei E 1 20 E i i
0 i

1 E io i EI i

Eni iE.mn



But notice these last two series are precisely the
Taylor series representation of cost and sint centeredat 0 and so we now have the famousformula
of Euler

cos 0 is

Notice in the case I this becomes

e cost is.int

or I 0

Since we had previously observedevery complex
number can be written as r cost isino we

are now justified in claiming each ZEIC may
be written as z rei

Observe multiplication of complex numbers
ZF ret zine is particularly nice in

this setting

2 it 8 r e greet it 01

agreeing with our earlier statement that argument
of complex numbers are addedwhen thenumbers are



multiplied

Applying this to raising a number to an integer power

Z ret oneint

The following theorem in optional but it justifies
our claim that we can rearrange

terms in an

absolutely convergent series

They Iran is an absolutely convergent
series converging to L and if E ai is

any rearrangement of the a terms lie each

an am for some m more precisely there
is some bijection 0 IN so that ai aan
then I in is also absolutely convergent and also

converges to L

By assumption Elad converges which
means the sequence of partial sums Sn lad
is a convergent monotonic increasing sequence
with Sw M for some MER Note SNEM
for every M



Now consider the series Email and corresponding

partial sums Si_Étail Note Si is also
a monotonic increasing sequence

Observe each

Sj EM as each Sj Sa for some k and SKEM
As Si is increasing and bounded it must converge
Thus ai is also absolutely convergent

We still need to show E a L Equivalently
we may show for every 270 there exists an
M so that if NSM 1 ai Lke
Not there is an M such that if N Mi the

1 an 4442 and Elaine
Now we

may
choose MIM so that NIM

then a am E ai ai Define Dv as

the set ai aj3 a am We then have

1Éai 4 1 2 at ai 4
KEa 41
4E.an ft.E.la
Kian 4 Entail



In_ I n mic

L

E
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Recall that a

map
between set X and Y is

an association of elements in Y to those in such
that each elementof X has one elementof Y associatedto it Formally this is a subsetofpairs ofXY say FEXxY such that for every there
is exactly one Ixiff We usually think ofF as mapping on input EX to an output yEYdenoted 711 We call the domain of fY is the codomainof f and the set of all
yᵗY such that q f x for some EX is

called the image of f denoted FIX

X Y

By a complexmapping we simply mean a function

of the form F D IC where D is some subsetof 6

For example F C C given by F e 23
is one such map as is g 0403 I

give by



g
2

Since each complex number may be expressed
as

z xtiy the outputsof a function f D
has real and imaginary parts which themselves
are functionsof x and y thus we sometimes

will find it convenient to think of f
as a function

f z ulzltivlzl ulx.pt iv x y
In this

way we can think of a map F D
as a pair of maps U v D R

For example the map
7127 73 can be expressed

as follows Since

z if I 3xi̅y 3xliyt lip
I i3xy̅ 3 42 iyx 34 iBxy̅ y

Here we have Ftz 73 corresponds to
f e

ulxiyltivlxiymhereulx.mx

3xyvlxiy3iy y3



For F z we have

y tility
and so Fte

may be written
as

ftzl
ulxytivlxiylwhereulx.pe

yvlxiyl IF
We can also take a pair of function
usu D IR and interpreting then as determining
a function utiv D 6 rewrite that function
in terms of Z and E

For example if u and v are given by
u x y _y Rtl
v lx g 2 7

how can we express antiv as a function of z
For an input Z xtiy note

2
w

y 72 so let's rewrite ulx.gl inlay by
replacing x and y by these expressions

ulx y tivlx y y
1 22

1
1 1 i2E F



2224212
Et2z tE

I_
Z

Z 2zE É E ZEE E 4 222 22

422 OZE OÉ 4

Z 1

As another example consider the
map

utiv given

by
a xy 3 2

x 372
xy y 6xy

Thus

Flz a xy tiv xy
3x x 3y ily 6xy
3 12

2
34 it 62

3 2It II 3
2

31

32 Gx ̅ 3É 22 22 372 6zE 3É 27 2E 6765

1222 42 322 z



It will also sometimes be convenient to
express a complexmapping in polar coordinates
That is writing Flz ulz tivlzl sometimes we

may find it useful to describe u and v

using z's polar form z _re

For instance the may 27 it
may

be

expressed as

it if it

i

In short there are severalways we may
choose to

specify a complexmap
andeach option will be

useful or convenientfor certain typesofmaps
Recall from basic algebraandcalculus that associated
to a function F lR R is a graph a subsetof
12 given as lx.DE y fIxB

As youknow from previous courses graphs are oftenhelpful
for visualizing a function and can be a useful
tool for discerning various properties of thefunction



We can similarly define the graphof a complex
function F C as a subsetof C

z w ea w flat

but we can't easily visualize this set as

has four real dimensions Still it
would be nice if we had some way of
graphically describing a complex map andthere are a few waysof doing this

One way would be to graph the real
and imaginary parts separately That i

if we write f e ateltivle and identify
with R in the usual way mapping
iy to x y then we can think of u

and v as two real valuedfunctions on a

subset of the plane and consider their graphs
as subsets of IR

For example if f z 2 then we had
determined earlier that this is f utiv where

ulx.mx 3xyadulxif 3xy 4 These

functions each Hermine surfaces in 1R



I
v 34 7

Though this is a reasonable way to

graph 7127 2 there is another way to
visualize the function's action on IC by interpretingit as a transformation of 6

That is we will draw some subsetof
in one copy of the plane and in a second

copy draw the imageof that subset For
instance our set in might be a collection

of horizontal and vertical lines and we will
draw the imagesof these lines Sholdstraightthe

f



Notice each line on the left can be parametrized
for example the middle horizontal line
is tti for 04442 or ti in Cartesian

coordinates on IR We are
mapping points

tiy or in to x ̅ 3 7 i 34 y or

1 3 3 7 3 4 73 so our him tti ti
gets sent to t 3t i 37 1 or

E 32,37 1 for 04442

As another example consider the mapping
f z 1 E In Cartesian coordinates this is

the map

xp titith 2 4

as
1 z 1 tiny

1 x2 i2xy up
x ̅ y 1 i 2 4

This maps a horizontal line t k where k is

some fixed number so this is the line y k to
the curve t th 1 2tk a vertical line
l t gets sent to l EH 2kt

Mapping a far horizontal verticallines to their
images we get the following kindofpicture



We can use these ideas to help us find
parametrization of curves in the plane

Example
Determine the parametrization of a rotated
ellipse rotated 60 with major axis of
length 5 and minor axis of length 2

We can easily parametrize the non rotated

ellipse as Scott 2sinHD OE t 2k

Rotating by 60 means multiplying by e

so we're considering the image of the complex
map

Ftz e z In Cartesian coordinates

this map is

xtiy
cost 3 is in D xting



cost 3 ticos b
y

is in 4 sinks
y

Los x sin 4 yftifs.in 3 x ios Ys y

So in the plane rotation by is accomplishedby
x y costs x sin F

y
sin f cos 4

g

Ruk
Writing x y as a column vector Y this
rotation is expressed as multiplying by thematin of a

can replace by any angle

Now
applying this map

to the ellipse parametrized

by 5oct 2 inLtl we have the rotatedellipse
is parametrizedby
5 ios cos t 2 sin sin t 5aint 3 cos t 2cal sink

for te 0,2T

Let's observe that the 3 types of isometries
of the Euclideanplane have nice interpretations
as complex mappings



Rotation counterclockwise by corresponds
to the map z etz
Translation by a vector 9 corresponds to
2 ztatib
Reflection across the x axis correspondsto
Zt x ̅

What about reflecting across a line axtby c

Let's also summarize what the map
I
gorepresent Using Euler'sformula to write z r

themap sends this to Z r it so

the absolute value is raised to n and the

angle is multiplied by n Let's use this
to determine the solution to the equation

ie to determine the nth roots of 27

If z set solves 2 1 then reino
or r e 1 e so the absolute value
to the nth power is 1 Assuming 570 the

only solution to r is 6 1 So our

solutions to E I have absolute value 1 and must
lie on the unit circle 5 The angle
must be some value so that no 0 or

an equivalent angle such as 2T 47,6T



That is no 2km for some inte so

m for some integer m Then

may be

i I 0

Now how
many ofthese are actually distinct

angles First observe the values

0 2 3 n t

are all distinct angles for n't as each
one is a different number in 10,2T The
multiples after this though give us one

of these angles
2T n O

E Inti 2kt If
2 Cut2 2T 2 254.2

etc

Similarly for the negative multiples

1 1 2T 2
in it

2 1 2 2T 2 n 2

etc



Thus there are exactly n solutions to
2 1 given by et k 0,1 int

Z for example is solvedby e e

which are just 1 and 1

23 1 is solved by 1 e e

2 is solvedby 1 e e

which are 1,2 1 i

The n solutions of Z are calledthe nᵗʰrootf
unity and are the vertices of the regular ngon
inscribed in the unit circle with a vertex at 1



The tenth roots ofunity for example occur

at the vertices of a regular decagon

Exerengalatenthginythfishgroup
under complexmultiplication
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Before discussing complexmaps some more it would
be beneficialfor us to have some basic topological
ideas at our disposal

Let's begin by noticing there is a natural

way to measure distance between two complexnumbers

give t.tt we think of the vectors
from 0 to these points Notice 22 7 is

the vector between their tips ie from a to Zi

The distance between z and z is then
the length of this vector 122 21
In terms of the real and imaginary parts
of the complexnumbers say Zj Xjtiyj for 1 1,2
we can compute this as

Ian zl Hx xitilyn y.ly

FEET



E
g the

distance between 2 7 ad 5 3 is

5 32 2 7 13 4 FE E Es

5

For a real number 0 we define the ope
E ballaround.lt be the following
subset of 1C denoted Belzo

Belzo z.ee lz zolce

of
Belzo

A subset UEC is called ope if it can

be expressed as a union of open balls I e
UEC is open if for each well there exists
some E.io so that

U YBe.lu
ThenECI is open if and only if for each



well there exists an 2 0 so that Bela EU
Pffomework

Thievery
union of open subset

of f is gun
Let Ui itI be open Ui

A subset KEC is closed if its complement
is open i

fdf 14 014
Thtery intersection of closed
subsetof is closed

FIKE 1K
Questionforstudent
Which of the following sets are open which areclosed

ZEE Re In e I closed not open
zee 121 2 open not closed
zee 12122 closed not open
zeal 0 Relz El In 7 0 closed not openzeal 02 Relz C In 7 0 neither open nor closed
0,1 i closed not open



C both open closed
both open closed

A point 2 E C is called a boundarypoint
of a subset WEC if 270 there exists
points u.VEBelz such that new and v W

The collection of all boundary points ofW is called the boundary of W denoted ow

Thewed
in closed if and only if OWEN

Pf
Homework

That's the boundary of eachof set in the
example of open closed set above

The closure of a set WEC denoted e W sometimes

this is alsodenoted w̅ but we'll avoid this notation to
prevent any confusion

w conjugation is the union of
W and its boundary dlw WvOW



An easy corollary of the theorem above is that
a set W is closed iff W dlw

The interior of WEE is the set of new such

that there is an openset UEF so that we UEW
The interior of W is denoted int W or W

Notice int W in an open set for each weint W let

Uw denoted an open set suchthat wEUw EW Then

intw Y.nl
The
intw is the largest open set contained in W

I
Suppose V was some larger open set contained
in W for the sake of contradiction I e

suppose int W EV EW Let VEV Sime V is

open
there is some 270 so that Belv EV EW

but then as Belu is an
open subsetof W we

must have vent W so Vent W but this
is a contradiction to our assumption int W EV
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Lecture06 somemontopology

Inth.is lecture we want to use some of theideas from the previous lecture to define and
studyspecialmaps called continuous maps Before

jumping into continuous
maps we'll need a

couple more definitions that will be helpfullater

We'll say
a set W EE is connected if for

every pairofpoint we wEW there is

a curve 8 which starts at w ends at we and
always remains inside W

W

connected
1 Not connected

While the idea of connectedness seems simplistic it
will turn out to be a very usefulpropertycertain nice things will happen if a set we care

about e.g the domain of some complexmap we

want to study is connected

It will sometimes be helpfulto describe various



properties in
terms of sequencesof complexnumbersHere a

sequence isjust a map IN where we

often write Zn for the image of new under suchamap
Given a

sequence of complex numbers a new we

say zfC in the limitof the sequence if
for every open set U containing z there exists
same NuEN such that

for all n Nu well

The limit of the sequence provided it exists isdenoted n zn

Thfppose a new is a
sequenceof complexnumbersThen Ise 2 20 if andonly if for every 270there exists an NEW such that for

all visNe Iz Zalle

Suppose for all 270 there is an Na suck

that n'NEIzx z.VE For
any openset U containing zo there exists an e ball

around to within U so Znell for all
n Ne

Suppose for every open set U arow to Nu
so that nNn Znell Consider U Belzd is



A complex map F D IC is continuous if
for every open UEC the preimage Flu ED
is open

D

ThfD C is continuous if for every pointZED and
every 2 0 there exists a 570

such that for all weD satisfying Ie w 28

If z flux CE
Pf
Homework Hint This condition Iz wks If z fluke
can be rephrased as wEBglw Flu CBelfiz
Try to rephrase this in terms of the preimage
F Belflat

We can also rephrase continuity in terms of sequences

The
A map F D IC is continuous if andonly if
for every sequence a new contained in D converging

to Z E D we have that the sequence
Flennen converges to Flex



Pf
Suppose f is continuous and a new and Zo are

as described in the theorem Let U be any
open subset containingFED Then 7 a is

is an open set containing to so there is

some NEW such that for all n N tuff U
Hence f z EU so Flzi fled

Now
suppose for every sequence tests in D

we have f 2n fled Let U be

any open subset of We must show 7 a ED
is
open If F 141 0 then we're done So supposeF U 0 Let to be any point

in F U

We claim there is an 2 0 so that Belzo EF IU
If not there exists a sequence Zn in D with
tu zx yet Zn F U But this would
mean f zn U have Flzn can not

converge to f 2x EU and we have a contradiction

Thus every point i F U has an open
ball around it contained in f U and so

F U is open

The
way you

shouldthink about continuous maps
is that they take nearby points to nearby



points if we are close then flu f t are close

It will turn out that continuous
maps

are

the maps we care about in topology The fancy
way to say this is that continuous maps are

the morphisms in the category of topologicalspacesIn complex analysis the maps we'll really care

about will be continuous together with some

stronger properties so it will be beneficial to
us to have some understanding of continuous maps
in general

First let's verify a few particularly simple
complex maps are continuous

Ththe
constantmap f I sending all z Q

to some fixed constant KEIC is continuous

Pf
Let UEC be an

open set We must verify that
the preimage F U is also open We will do
this by considering two cases if kell or k U

If k U then F U which is open

If kell then F 111 0 which is open



Ththe
identity map F given by 741 7

is continuous

PfLet UEG be open Note F U 1 so

7 U is open

Now let's observe that products and sums ofcontinuous
maps are also continuous

They fg D
C are continuous then so are

fg
ie the map ztsfe.gl auftgthe map

2 Fte glet
Phet

zu be any sequence
in D converging

to ZxED Since f and
g

are both
continuous Flen Fled at glza gladHave for each 1 0 7N No no that
n Net If a flex k4 and for n Neg
Igled g 2071242 Let Nimax Net Neg
If none the

If a
g en If.la gladflea flan glen gleeE flat flzhtlgte.nl gland42 Eh LE



The composition of two continuous
maps is

continuous when defined
Pf
Exercise
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In the last lecture we defined continuity of
complexmaps and saw that a coupleofparticularly
simplemaps constantmaps

andthe identity map were

continuous We also saw that the sum oftwo continuous
maps was continuous We stated

in a theorem that a productof continuousmaps
was continuous but didn'tprove it Inhich we'll

do
below and leftas an exercise showing that
a composition of continuous maps was continuous

In this lecture we'll use these tools to help us
show some particularly important maps are
containous First though we'll finish up the
proof of a theorem from lasttime andgive
one definition

They figD are continuous
maps then

their product fg is also continuous

Pf
Let new be a sequence in D with limit
2 ED We must show flat glz Flex glad
To do this we want to show for every 2 0
we can choose an N so that if MN
Iftangled f x glzxKE



Observe there is some N so that if
n N then 7tenK It 17lb ltlglzo1 This

follows from thefact that Flz 712 1 at
17za and IgM are just constants We write

flu flen f a fled

Ffa flex If all

Iffen flex It fall 1gtell

As Flen Flex there is an N so Iffen 7121121
for nSN and so the above inequality holds
for a N as well Let's write k for ltlffedtlgf.SI

Similarly there are No NzᵗN so that
If a flex kEk if none and Iglen glee k k

if nNs Now let N max N Ne Nis and
notice for USN we have

fledglan fledgled

ffznlglznl flznlglzdtflz.ly zo flzdglzo
E Flznlglen flanlglax flangle fledgled



flendly en g x If a flashgled

ltlflzmtlglzemglznl glzdtlfk.nl fledlgled

1171 91 1 glenlglz.SI flznl flad itlfczdltlglzdl

ItIflzdltlg1zx l lglzn glz 17cal fled

k lgtznlglz.lt 7Czn fle
k E k f E

Let's now make one definition very similar
to

a definitionfrom calculus we say a complex
number LEG is the
nitfacomplexmapfaszapproache.aeif for every open setUEC containing L there exists an open set VEC
containing to so that if ZEV then Fla EU

If such an 2 exists then we denote it by
L Izof z

E.g if FG is the map 712
we claim z i 7127 62 Before verifying this the
following theorem will be helpful to have



MThe
limit Ftz exists and equals L ifand only if for every 270 there exists a 870

so that 1712 LKE whenever 04 z Zo CE

Pf
Exercise

Rmk
The 0 17 zoke in the theorem above effectively
means we donot need to allow for Z Zo as

our function might not be defined at that pointThis is the case for example with

Now to verify z equals bi Notice this
function equals 32ft for all zti as 3 2 112 1 315 1
Let 2 0 be given andtake 5 43
Iz iks then we have

Iz ills
12 2443
312 ike
132 3442
132 3 bike
13 2 i Gill
13k Gike
1347T bike



Using the E8 definitionof the limit is tedious in practice
so we really like thefollowing theorem as theymake
it much easier to compute limits at least in some

situations

They FD C is a continuous
map defined on an open

set DEC then for eachpoint ZEDEst F e fled
I Let U be

any open
set around flzo For

any
zef U we have fleled

MSuppose F DX E and F D C are

maps defined on open sets D.DK EE with
the property Folz 711 for all zEDKz
Then Ese.tl lEaoflz
PfExercise

This theorem will allow us to replace a function
such as with 3 i when computing the
limit as a goes to

i for example To make
this as useful as possible we'd like to know
312th was continuous but we now have



enough tools at our disposal to prove that lots

of functions are continuous

buttery
complexpolynomial Fte ant an at ao

is continuous

PF
Polynomials are sums andproducts of constants
and the identity maps

Mth
map

2 defined on C 03 is continuous

PINote
that I 5 which in real and imaginary

part is y iffy These maps

ulx.fr yradvlxiy I y are continuous

as
maps R 410,83 IR and so by a homework

problem u xiy tiv xy
is also continuous

Enevery rationalfunction a is

continuous on its domain Cwithoutthe roots

of buznt bit b
p
Note bnz theth is the compositionof a

polynomial and tts't so continuous Our



rationalfunction is theproductofthe map with
a polynomial

Now we can easily compute lotsof limits

Eercise
Compute fin by first
factoring the numerator and denominator
Hint Check if Iti is a root of each
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Lectureshoothandtime
We hadpreviously seen thatthere were three
distinct solutions to the equation 23 1 given
by 6 0

1 e and e Moregenerally

for any non zone complexnumber w ge there

gathy zedo.ie fEfogEE when

SO is the unique non negative realnumber
so that r p

For example if w 8 then 23 27 is
solved by 3 3e and 3e s

if w 2 21 86 4

then Z w is solved by
25ᵗʰ 2

243
2e 2,1 453

2
it

as is easily verified

2 23 e
3

8 e

25 23et get gei
8
get

2e 23 get 8 8 44

So given that each non zero complexnumberhas



three cube roots how should we define a cube root

function It on Q

One reasonable
seeming guessmight be to

just pick a choiceof ache root and stickwith it this is basically what we do
in calculus and algebrafor square roots We
define the square rootfunction on 0,4 as

the positive root

What happens if we tried to do this on
We might reasonably want our cube rootfunction
to be continuous and agree with the cube root
of the positive reals so let's try to define
a function f z on C whichis continuous and

FA LET them praefe It
has opposedto

Now let's consider what the imageof a
curve joining 1 to itself would be underthis

map

7



Notice our map is easiest do describe in polar
coordinates as rei 8 e

s In polar
our curve 8 above is given by

a

on

If we wiggle our curve 8 a little bit
keeping the point at 1 fixed we obtain another

path joining 1 to itselfwhen we apply 8

to 8

Really we should think of 8 as

a continuous may 8 I I here I is

the unit internal I 10,1 This wiggling really
means we're continuously deforming 8 The

way
to make this precise is to consider

a map T IxI E which is continuous

has the property that 54,01 8014 514178,14
T 0 s T11 g 1



to
This

map
T is called a homotopy between to W

on

Now consider applying our putative cube root function
to some other curve through 1 say the
normal unit circle centered at 0

i

What should the image of this curve be As
we apply f re it's to point on this curve

walking around the circle we're taking the
cube root of r so we still have distance
1 from the origin but the angle on

our image changes at the speed of
t e O EEE

Flo 4 e

Thus by the time a makes one full



revolution back to 1 the image curve f o

has only made one third of a revolution

to fi

Notice in particular that the terminal point of
the image curve Foo is one

of the other cube roots of 1

Just as before small continuous deformations of
0 will yield deformation of f o but which

skiffgive curves starting at 1 and ending at

f

Let's observe that this means our
map

f
is not a well definedmap If it was

then every loop based
at I wouldgive

a deformed loop based at 1 when I was



applied

Before investigating this further let's consider
one more loop based at 2 and its image
under our not actually well defined may 7

Suppose α is the following loop

If we apply f re r e to α

the angles change at the speedof
so if makes two revolution around the
origin then our image curve should end at

13 which is our last remaining cube
root of 1
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Lecturcomplexdifferentiability.de

Recall from your firstsemester calculus class that the
derivative of a function f x at a point x could
be thought of as the slopeof the line tangentto the graph 1 711

at the point lx.itxil A
better

way to think about the
derivative is that

tells us the best linear approximationof FIX
at x This will be the pointof viewthat will be most amenablefor generalizing to
complexvaluedfunctions

We'll first quickly recall how the derivative
is defined in one variable then generalize to
two Ireal variables thinkingof identifying 12 andI i the normal

way
and finally see why

being complex differentiable is not quite the same

as being complex differentiable

Recall that in first semester calculus you definedthe derivative of a function F R R at some
o as

Theta
h

providedthe limit exists Suppose this limit
does exist and equals some number m



fifteen

Let's rewrite this a little bit

n fifteen
Is.tl fi

Is Etf o
h

ttthf.am o

This last expression will be easier for us to
generalize to higher dimensions Let's notice

though that multiplying a real number h

by a fixed number in can be thought of
as applying a linen transformation Letting T.IR IT
be the linear transformation Thrush we

have

f tianya.pt o



So we can define the derivative of f at x

as the linear transformation T.IR IR satisfying

fixth
Hy th o

bouffant that if there is a T satisfying
the above equation it is unique That is

if T is another linear transformation satisfying
the equ above then T T

Now let's consider the case of a functionF R IR Note this is really twe functions
together say

F x y ulx.gl vlx.gl where
u R For example if

f xg x 3 4 2
7 37

then ulx.gl it 2x y ulxy
2 7 2g

Howshould we make sense of the derivative
of a function like this Well generalizing our

modified definition ofthe derivative above we might
define the derivativeof f 1R R to be
the linear transformation T.IR IR satisfying



II FhhI tt

Notice for this limit to exist we need to
consider all directions of in approachy 0

We can use this to determine the transformation
as a matrix

First let's establish some notation We'll write
our vectors as columns Let's

say x ̅ is

some fixedpoint and write our in vectors as h
keeping in mind we'll be taking limits as I 0

meaning
4 0 and

by 0 though they could
be going to zero at different rates Eg we could
have hy 3h and so I 0 would occur along
the line of slope 3 through the origin

Y.tt Y
hil's

Now
suppose T Y a 4 If

so our limit as in goes to zeromay be



written as

I 1

If F is differentiable this limit existsfor
all directions where I approaches 8 In particular
it would hold as in approaches 0 horizontally
and so our vectors become in b i e ly o

In that case our limit becomes

t.io I Y i Yn Y i 1

which means we have

II Ethereal 0 and

vk.thx.ggylnyd
c o

But this precisely means a
g Uxlx.gr

and c 8ham vxlx.ly

A similar calculation with in approaching 8 vertically
In ñ g and 4 0 will tell us 6 8 11 541 7
and d y ya vylx.io



Putting all ofthis together our derivative
T above if it exists is given bythe matrix of partial derivatives

1
This is called the Jacobinnation of 7
It will turn out that the partial derivatives
Uxity ix y can exist even if the function's not
differentiable If the function is differentiablethough
its derivative will be this matrix ofpartialderivatives It will be the case that ifall of the partialderivatives are continuous thenthe
map will be differentiable however

In the case of the map f x.p 1 3 7 2 1 39
our partial derivatives are

I
andthen function are offuse Effect telekinesis.tn
For the function glxy x ̅ 3 1 2 7 31



we have partial derivatives

I 3 S

The derivatives of our function f and g above
are often denoted Df and Dg and so we

have

Df 2

2 213 9
2 1

2 3

These are almost the same exceptfor theterm in the second row second column As we'll
see this small difference is extremely important

In our definition of the derivative DF i
of a function F B 112 we had

fis.tl h ffl
Dtt eo

we had to use 15h11 in the denominator insteadof I
because we can't divide by a vector and DfE
was a linen transformationwhich we think of as
a 2 2 matrix But if we think of thevector X Xoyo as the complexnumber Zo xotiyo



and the vector valuedfunction f x y ulx.nl vk.gl
as being complex valued Flxting ulxtiyltivlxti.gl
then we can actually divide by a complex
number h hxtihy as h 0 Furthermore just
as we think of the derivative of afunction
fR R as a single real number maybe
we should think of the derivative of a
function f IC as a single complex number

With all of this in mind we define the

of a map F e at a

ftp.ltmstnthe complexnumber 1 if it
exists satisfying

tianya.lt o

As an example consider the function g
from above which as a function R IR
had the formglxy 1 2 3 4 2 4 341

Interpreting this as a complexfunction let's
write

glxting 3x y il2xyt3y

We claim that 2 21 3 will satisfy



our limit definitionof the complex derivative

of g at Zo i which we now check

Liz glithl gfil
tzi.nl

gh ih i i n

L hi t i.f tt D
tti.ci id

L ask.IEgthti2hnt2hxt 3 e

t

y
it

L O hastily high o



So Lit is the complex derivativeof
glxtiy 3x y i 2xyt3y

We'll see where 2 it came from soon

But what about our other function from earlier

Flxy thx y 2 4 34

As a complex valuedfunction we interpret this as

flxti.gl t 3x y't i 24 31
Can
any complex

number X axis satisfy the
limit definitionof the complex derivative of texting above

at Zo i Seeingwhether any such
a is satisfies

the limit definition directly can be difficult in

general but in the nextlecture we'll see a

tool the Cauchy Riemann equations which will make
it much easier to determine if there exists avalue satisfying our complex derivative definition
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In the last lecture we recalled that the derivative

of a function F B R
given by

71 1
corresponded to the Jacobian matrix of 7

I
We also saw that a complex function
f I

may
have a complex derivative F

which at a point z we define to be

7 e 15 flatfI
Since we can go back and forth between
functions g p on IR and functions
xtiytsulxiptivlx.gl on 6 a natural question
to consider is whether or not these two
nations of derivative are the same or not

Let's start with an example Consider
the
map R R given by Y ty and



it complex counterpart Fe c a gin by z E

In both cases if we write 7,14 III
or f xting u x y tivlx.nl we'll have
u x y x and v x y y

Notice the Jacobian matrix of Fr is

1 1
and un are continuously differentiable so Fr is
differentiable

Let's try to compute the complex derivative

of F at some point Zo xotizo Using the
limit definition this would be

felz.tff.ie hithtigothingtwie

ofellxoth.lt othyh lxoi

hzoxothx ilyotyhy xoti



Kokia
If this limit exists thenfor all sequences
of complexnumbers thin with his 0 we

must have the same value for 45
Consider first the sequence hut Then

L

so I L

Now consider he Then

E 1

So for this sequence 2

Thus our map tip is real differentiable yet its
complex counterpart Fe is not complex differentiable

To understand this disconnect between real
and complex differentiability let's first recallthat we define the derivative of a functionF at a point P as the best linear
approximation of f near P When we are



thinking of real differentiability this means we

consider 2 2 matrices but for complex differentiability
we have a single complex number In both
cases these objects act on point in the plane

The 2 2 matrix c d acts on Y via

matrix multiplication to give the point

i MAKE
The complex number 5 α iβ act on the
corresponding point xtiy via complex multiplication

yielding

tip if 2xtidy iβx Py
Qx βy ilβx Y

Now when are these actions the same Writing
our vector 9 14 as the complex number

ax by ti ex dy we see multiplication by19ha corresponds to multiplication by a if only
when the equations

at thy 2x By
ex dy βx thy



are satisfied for all x y Jaking 4 0

then gives
a α
c β

and taking x 0
4 1 tells us

β
d α

Putting all of this together the 2 2 matrix
which corresponds to multiplication by the
complex number α iβ is

4 1

Writing 2 iβ as ret r cost insino we

see our matrix has the form

ti
So the matrix action corresponding to complex
multiplication is unsurprisingly a rotationby
composed with a scaling by r



Relating all of this to differentiation we

have thefollowing

Theatfunction Fr R R
given by Y 14

which is real differentiable at Y corresponds
to a function F Q Q

given by xtiy.tn xy tivlx.ywhich is complex differentiable at xotiy if and
only if the Jacobian matrix

10,40 uylx.io

Ux xoyo
VylxoÑ

satisfies Ux Xoyo vylxo.ge and my xoxo vx xoxo
in which case fcilxotiyol

uxlx.ydtivxlxo.yd.PL
Exercise

The equations above

are called the Candytimamequations and they
tell us precisely when a function ulxiyltivlx.gl
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In the last lecture we saw that holomorphic

maps were simply maps which had a complex
derivative at

every point in their open domainWe noted that this is actually stronger than
the corresponding map defined on 112being differentiable
in the sense of the total derivative Jacobia matrixThe Cauchy Riemann equations tell us that
being real differentiable is prerequisite to being
complex differentiable but complex differentiability
required an additional assumption which essentially
mean the Jacobian matrix determines not just
a real linen map but a complex linear map

In this lecture we'll start to see exactly how
much stronger complex differentiability is then
real differentiability by seeing some of the amazing
properties we get for free once we know a

map is holomorphic

Let first observe that if a function is

complex differentiable then its derivative is also

complex differentiable Note this is not true
for real functions there are real functions which



are differentiable once but not twice

To see this recall that if flxtiytulx.ytivlx.nl
is complex differentiable then its complex derivative is

gin by
f xtiyl uxlxtiftiuxlx.gl

To check if this function is itself complex
differentiable we check to see if the CauchyRiemann
equations are satisfied This means we need to

verify the following system of PDE holds

I see Ux Vxy let's note that Vxy Vyx
and since f is complex differentiable Vy Ux so

Uxy Vyx Wyly Uxx

Similarly

Ux luxx tug Uyx Uxy

and so the 2ⁿᵈequation is also satisfied Note



here we used the fact uy Vx which is

supplied by the assumption f is complexdifferentiable

The argument
above essentially proves the following

Thyftf.ua a defined on an open U is

holomorphic then it is infinitely differentiable
and each derivative f a f is also holomorphic

on U

Thistheorem will be extremely importantwhen we

discuss
power series later

Let's now give a geometric interpretation of
holomorphinity Recall that given two vectors i it
in R the angle between them can be computed
as the value in 1 I satisfying

cos TITI
Interprety Vii as complex numbers

v Xitiy if ñ 4
vexatiy if i Y



we define the angle between v and in as the
real in 1 I I satisfying

cost
fI iF

the generalmaps F R IR distort angles
E
g F Y f shears horizontally and
so changes the angle between vectors

fifteen
A map f.IR R is called conformal if it

preserves angles at every point Pictorially a

conformalmap is something like the following

To be clear the map
here moves point



in the plane around and in the process modifies
vectors based at a pointPlxp.plby sending the
vector b to the vector

E X
based at the point FIP ulxp.gr vlxp.gl

E.g consider the map Df
2 3 213

7 12 R

1 I 1
Gina vectors I d T i based at
P 3 they get sent to vectors

61 1 711 1

X 1 71.1 1
based at FIP 713 4





13653
36

36
36537

is such a matrix

In general if a matrix 2 2 preserves all

angles of all pain of vectors it must be
a scalar multiple of a matrix that preserves
the Euclider dot product Matrices which
preserve the dot product are calledorthogonal
and are exactly the matrices whose transpose
and inverse coincide

i I Ai Ai
IT ATT Av

ATA T
w̅ ATAT D
ELI A'A I 8

Let's momentarily write U I AA So V5 0

for all iii In particular if ñ v o this

gives
a f to

I 1



4,1 0

Other choices of it will show all other
entries of U are zero so 21 18
meaning I A'A 0 so ATA I

Let's observe that if flxtiyl ulx.yltivlx.ie
satisfies the Cauchy Riemann equations its
total derivative is a multipleof an orthogonal
matrix We had previously observed if f Zo re

the corresponding total derivative is

l
It's

easy tone
i o is orthogonal

i X

f X i

sin costsint cost sin

sin soso.in0 cos'otsin

o



Thus we have justified that holomorphin maps
are conformal

Let's end this lecture by mentioning an important
connection between holomorphicfunctions and real differential
equations

One of the most common PDE's in application
is the Laplace equation In two variables this
is the PDE

Uxx ayy 0

where will IR is some function defined on
an

open set UER This is also sometimes

written u 0 here IT is the gradient operator
4 18 w is short had for x ̅ dotted
with itself 4 In 7 185,84 8 8 185 I
Uxx any on Δu 0 IS in the Laplace

operator D T.TN This PDE Δu o

arises in
many physical applications

where some

vector field is proportional to the gradientof
a function in electrostatics thisgives Ohm's law

of electrical conductance in chemistry this gives
Lick's law of diffusion In some instances the
divergence of that vector field divlfl T.FI is zero



When F Xu divff 0 is precisely Laplace's

equation

A function a satisfying Laplace's equation
Uxxt450 is called harmony Let notice
that if 721 Q UEC open is holomorphic
then its real and imaginary part are

necessarily harmonic To see this suppose
flxtiy ulxiytivlx.gl in holomorphic so

the Cauchy Riemann equations hold ux vy uy Vx
Now we simply compute

UxxtUyy g tuxly Vyx Vxy Vyx Vyx 0

Uxx thy ugly lady hyxtuxy Ux 4 1
0

This will mean that many nice properties ofharmonicfunctions to discuss later carry over to
holomorphinfunctions

Notice that a consequence of this fact thatF utiv being holomorphic implies up harmonic

in that if a
given

u is not harmonic
it cannot be the real partof a holomorphic

function E
g ulx.gl x ̅ y will have

Uxxtuyy 8 2 7784124 2 2 4



Thus there is no holomorphic flxtiyl ulxiytivlx.gl
where ulx.ptXty
But now a different question arises given
a harmonic u U R does there exist a

harmonic vi U R so utiv is holomorphic

Given a harmonic will IR a harmonic vi U IR
so that utiv is holomorphin is called a

harmoniaconjugate of a Before discussing whether
harmonic conjugates necessarily exist let's mention
that harmonic conjugates if they exist are almost

unique

Thsuppose will IR is a harmonicfunction
and Vine U R are two harmonic conjugates
of a Then v vet k for some constant k

Pf
Note 7 utiv and fintive are holomorphic
Thus f f is holomorphic but
F f lutive lutive ily v Thus
it v1 is holomorphic but by a homework

exercise the only purely imaginary valued
holomorphic functions are constants So ilv v1 ik
and v vi k so v with



Before seeing the general construction of
harmonic conjugates let's work through a

concrete example Consider ulxiy xy Notice

uxxtuyy xY 0 0 0 so u is
harmonic We want to find a v so utiv
is holomorphic which means the Cauchy Riemann

equations must be satisfied Thus v needs to satisfy

Ux Vy
My Vx

But we know what ux and uy are

1
Let's integrate to find v

dy fydy thin

But V x so

EthlN

IT a Etc



So we may take vlx.gl C

Let's verify this is harmonic

X Uy y
I Vyy I

Thus VxxtVyy I I 0 so v is harmonic

To verify that the may

7 xtiyl ulxigltiufx.gl

xy if c

is holomorphic we check the Cauchy Riemann equations

Ux y
v

my
x Vx
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In the last lecture we saw that that if
flxtiy ulx.ytivlx.gl is holomorphic then the
functions u and v must be harmonic i e

Uxx any 0 and
xx try 0

Given a function will R where UER is open

if u is harmonic a natural question consider
is if there is a choice of v U R so

xtiytulx.yltiulx.gl is holomorphic Such a

v if it exists is called a harmonic conjugate

of u

So now the question becomes do harmonic

conjugates necessarily exist and if so how do
we compute them

Supposing will R is harmonic and we seek
a vi U R utiv in holomorphic we must find

so the Cauchy Riemann equations are satisfied
As u is some known function its partialderivatives
Ux and

Uy are known so we must find



a v with Vx Uy at
vy ux So we

know what we want the partial derivatives of
V to be on the obvious thing to do would
be to integrate those partials d e u should be

v 1 dy f xdx
Judy f uydx by CR equ's

heftify that u ln x y is harmonic on

its domain U R 10,053

Compute its harmonic conjugate v

Is there anything wrong with u

Should get v 2tan 4 C and can

verify flxtiyl lulxtytti2tai.IE is

holomorphic on Q z ImE 0

Issue v 2tai has a smaller domain than
u lulity

In general a harmonicconjugate to a harmonic vi U IR
is only guaranteed to exist on the entire domainU when U satisfies a topological condition called
simple connectedness



We say a subset UECI is connected if
for every pair of points z z EU there is

a path 8 0 U si 810 to 8 1 z

U

FI
U z

Connected

Notconnected b c a

pathfrom Zo to z

wouldexit U

A set U is simplyconnected if it is
connected and moreover all closedpathswithin
U can be continuously deformed to a point

stats U

Intuitively simply connected subsets don't have

any
holes the holes are whatmayprevent us

from shrinking a closedpath to a point

Simply connected connected but not simplyconnected



Proving every
harmonic function will

has a harmonic conjugate vi U E if and
only if U is simply connected will
be easiest after we've seen how to integrate
holomorphicfunctions so we'll postpone that proof
until later

We can
go

ahead and note though that
since open sets are unions of open ballsand since every open ball is simply connected

every
harmonic function in does have a

local harmonic conjugate That is if will R
is a harmonicfunction definedon an open set
U then for every point Po in U there
exists some 970 so that u has a

harmonic conjugate v defined in BelPo

One of the marvelousproperties ofharmonic
functions is that the value of a harmonicfunctionat any point equals the average of that
function over

any circle
centered at that point

contained in 2

ulP.tt xilds



Recall from multivar calculus that the line
integral fluids where C is a came

parametrized by Xt yH for a t b is

fluids flxltliyltllffy.tt dt

For our ball of radius r around Po x.ly
we parametrize usingxotrcos.lt rsinltlty.JO

tE2x ̅ and

É p.itilds Ierffu xotrcostyotrsint
fftitdt

ffulxotrcostsyotrs.nu
r dt

fulxotrcostiyotra.int dt

Thinking of this quantity as a function of the
radius r we first show this expression is
constantby showing its derivative with respect to r

is zero

p.fm ds fr ffulx.triostyotrsint dt

ulx.frcost yo traint dt



IT f xlxotrcostsyotrsinkll
cosltltuylxotrcostiy.trsint sin t dt

uxlxkyyltllcosctltuylxk.ly sinAll dt

So uxlxltl.gl reosltltuylxltlyHl rsinHl dt

Efuxdy uydx
OB Pol

where here we used the multivariable chain
rule and A trios t y t yotrain t

to compute dx r sin Aldtdy rcos.lt dt

Recall now that Green's theorem states

of Pdx Qdy 8 8 dA

Applying Greer's thou with P u and Q ux
we then have

mu ylds Iefj4dxtuxdy
Ux u dA



p.lu tuyy
dA

O

Thus the average of u over a wide centered

at Po is independent of the radius r all
radii give the same average Now consider
the difference between the average and u Po

I nu
x y ds ufxoyo

my xylds 2trulx.ly

off ulxiylds Irf.nuhands

2 ay u x y ds

2 14,414 ulx.noJrdt

ulxltl.gl ulx y dt



lulxlh.ge ulx.mn dt

Mrdt 2AM Mr

where Mr is the maximum of lulxltl.ge ulx.gl
over the interval 0,2T x t ya IX trustyetint
Notice now that since u is continuous

u x treost got raint ulx.gg

and so as r goes to zero Mr goes to

zero
Hence

12 olds ulx.gl
oSoulxay

2t
yp
4 ds

We have then proven thefollowing

Then MeanValue Property of HarmonicFunctionsTet vi U R be a harmonicfunction definedon
an open set U For every PEU and every 670

so that B P EU the value of n at P



equals the average of a over the circle of
radius r centered at P

We can take advantageof the mean valueproperty
to show that a harmonic function u U R
UC.IR open andconnected does not achieve aglobalmaximum
unless u is constant

Then Maximum PrincipleforHarmonic Functions
Suppose u U R is a harmonies function defined
on a connected

open subset UER If there
exists a MEIR and a point P.EU so that
u Po M and u D EM for all PEU then
u is constant

The will show u P M for all Pell
Lix an arbitrary PEM

Consider
any open ball

B Po around P which
remains in U By the mean value property

2 ilds u Po M

But by assumption ulx.gl EM for all
x y

E DB Po Thus

2
d Ids

27 m m



As u is continuous equalityonly occurs if
alxy M for all lx.pe B Po But this
hold for all r so that B Po EU

If U C then for every PEE there is

an r so PEB Po so every
Pte has a P M

w the proof is complete

If UFC let R be the largest value so

Bp B EU If PE BRIP the alp M and
we're done If P BR Po let 8 be any
path from Po to Pwhich remain in U
We will show each point on 8 admit
a ball around that point where u equals
M for each point in the ball

BalPo

Pick a point Q on 8 OBRIP Since Q

is a boundary point of BIP every open
ball B Q around Q intersects BpPo Choose



some ball you may as well choose the one which
is as large as possible but stays U around Q

call it BR.IQ Let P c BR Po Bp Q

Becaus P e BR P u P M Notice there is

a radius r so that B P contain Q

By Q

BRIP

But by the mean value property this
means U Q M and also u s M for
each SEBR.IQ Continuing in this way
we can show every point T on 8 has u T M
so in particular a P M
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5E.ITijpom harmonicfunctionfor
a moment to consider holomorphicfunctions againIn particular we want to see the relationship
between functions that can be represented as
complex power series and holomorphicity

The outlineof our power series discussion
will be as follows

Discuss
convergenconvergence off powerpower series

Showfunction defined as convergent

power series are necessarily holomorphic
Show every holomorphicfunction can locally
be represented as a power series

In general a powerseries of a complex
variable z centered at a point Z.EC is

an expression of the form
Citz I cot clz calf zott

We'd like to think of this as defining
some complex function f z Ecule but



have to worry that our series might not
converge at leastfor certain choices of z

Notice the series always converges at Z to

where the value is simply to

Let's first observe that we can replace
our complex series by a real series by
taking absolute values That is let's
consider

Fantz dd.dz
Since this is a real series all of our convergencetests like the ratio test from a second semester
calculus class apply

Recall the ratio test for a real series Ian

says that if the limit of ratios ofabsolute valuesof consecutive terms
at

exists and is less than I then the series

will be absolutely convergent if the limit
is greater than I then the series diverges



aw if the limit equals 1 then the test
is inconclusive lie there are instances where

the series converges conditionally instances where
it converges absolutely and instances where
it diverges

Applying this to 2412 z.tl we consider

IE I h atEd

Let's suppose exists and equals some

number Then we're guaranteed convergence

if
Iz zoff

or 12 zokr So our series of absolutevalues
converges if 12 zoke This is

a disc of radius r around to

Note if his i 0 then klz z.fiT oa

for all 2 so we say the radius of convergence
is infinite



Our next goal is to show if the real
power series E cult toil converges then
so does the complex power series Ʃ cult zi
To do this we will need the following
definition and a few basic lemmas

We say a sequence a new of
complex numbers is Cauchy if for every 70

there exists a number N so that

for all min N we have ten Znke That
is a

sequence is Cauchy if all entries
sufficiently far into the

sequence become

arbitrarily close to one another

Recall a
sequence a new converges to ZEE

if for every 9 0 there is an Nso so

that Izu toke for all in

Perhaps it's not too surprising then that
having a

sequence converge
on having a

sequence
be Candy are closely related

The
A sequence of complex numbers Zulutin
converges iff it is Cauchy
PF
Exercise



Using the above we can now show that
a complex series IS SEE will converge
provided 2151 converges

TSuppose 5m is a complex series but
the real series 151 converges

Then

25 converges as well

The will show 5m is Cauchy Let Eso

be given Then there exists some N so

that for each musN we have

filed Elselfe
Without loss of generality we may suppose min and

write the above
inequality as

IE.ba E.BA d5ake
Now consider

1 sn SaffE.int il5al
So Elk is a Cauchy sequence

and here converges



Combining this theorem with our observation about

power series converging
when the abs valueof their

ratio of coefficients converging to we have
the following

That
complexpower series 4 cult 2 converges

for all 2 in a disc of radius
r around

to when fifth

The r in the theorem above is
the sygconvergence of the series and B

discofconvergencefor the series
Notice the

series will diverge for Z with 12 70176
For Z on the boundary of Bilzi the
series may converge for some t but divergeforothers

Notice that if the power series Ecule 2.5
converges in Brled then in this hall it
determines some function F B 124 It's
not too hard to show this function is
holomorphic by showing 0

Ththe
complex power series

c z 2 determines



a holomorphinfunction where it converges

Pf
Recall from a homeworkassignment that a

function f is holomorphic off the Wirtinger
derivative 8 is zero

where

Now observe

Even z z É c z z

an.it lz z ti8ylt zI
Now let's write z

xtiy so

z z iy
z

n t ing 205 tiny z

n tiy z u z z

z zo tiy z

n tiy z tiy to

in xting z in z zo



Thus

z z.FI z zoYti8ylz z.Y
t n z zo5 tilinlz z.Y

h ulz zÑ ulz z.tn

D

Hence cult zÑ D so the power series
is holomorphic

So power series in Z always determine holomorphic

function where the series converges We can

go further though
and show that every

holomorphic function can be locally representedby
a power series To do this it will be
helpful to recall the definition of Jaylor
polynomials from a second semester calculus class
but adaptedfor complex variables

Give a holomorphic function f U C and a

point z.EU we define the nth order Jaylor
polynomial of F centered at z to be the
unique degree n polynomial plz so that



p z F z

p Zo F z

p Zo f z

p a 7 z

Thinking of plz as having unknown
coefficients p Z cuz cuz t t c z t co

this gives us a system of nth linear equations
in n unknowns su we expect this to have
a unique solution the solution is easiest
to discern if we rewrite our polynomial as

p z Cn z z Canlz z.it t C G ed t C

Then we can compute

p Zo C

p z nCa z z fu a Cue z t.it 24ft atte

p E C

p
z n n 1 Ca z z t n 1 u 21Can a to 32 4ad

p a 2C



In general for ken p a kl.cn
Thus our system of equations above becomes

C F z

C F z

2C_ f ed

kl.ca f ed

n C f ed

Which we easily see means Cp

so the nthorder Taylor polynomial for our

holomorphic F U C is the function p e a

given by

plz Et leaf

We'd like to go from the Jaylor polynomials tothe Taylor series

t leaf

But now we have to worry
about convergence
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adf.FI ihma that the
complex power series

fCn z z

will converge in B led if d f'Ir
Let's use this to help elucidate some familiar
power series of real numbers from calculus

First recall the familiar geometric series given
a mnumber x we consider the infinite sum

g I It txt t

Suppose momentarily this converges to the value S
We can then think of S as the limit of
partial sums 5 1 S where

Sn I It It I t

Observe that Sn xSn telescopes leaving
the first and last terms



SN XSN t x 1 5

Sull 1 x

So

Taking the limit as N goes to infinity
we see this value is finite iff 1 14 in
which case we have

5 EFI if 1 14
Thinking of this as a power series Eddie
we see the function is represented
as a convergent power series in an openinterval of radius L around 0 Notice
as x approaches 1 from the left or

lfommthnightmxgoestinfinity.in
At

This divergence to infinity seems to accountfor



the radius of convergence of 1 around 0

which we can easily double check
using theratio test as n I 1 1 11 1 The

function is defined outsideof Hill
however the function is well defined on IRIE 1,13

i

A if
We can also try to represent the function
as a

power series centered at some other

point For example we can compute
the Taylor series of 717 centered at 6

t ex tot

Here
71 1 1
F x 1 x f 1 1 A
F x 2 1 4 31 1 211 5
F x 1 3 1 4 41 1 611 5

F x n 1 5



Thus our series is

In
t.tt 5lxtot

Is 7
t

1 65

The radius of convergence can be computed

using the ratio test

IE E.lEl
So the radiusof convergence is 7 the series

converges if 1 6127 so 132 21 Again
the

convergence in
blocked by this asymptote at 1

Let's modify the example slightly Notice

by replacing in Ʃ x ̅ with x ̅
we get

F fit mix

This should converge when 4 X 4 so 1 41
so again 1 14 as confirmed by the ratio test



1 14

and 1 14 off 1 14

Notice however that is defined at

every real
n

Interval of convergence
for Etix is 11,11

We can even try to find the series expansion

of at a point outside of 1 1,11 like1 The computation is tedious but we can

show the radius of convergence for the Jayler
series expansion of F centered at is

52

Why does our perfectly nice real valued



function which is defined for all realnumbers have these finite radii of convergenceWhat's the significance of a number like V2
The answers to these questions are dramatically
cleared

up if we upgrade from a real
to a complex 2 That is consider the
function Flz We can show that
the complex Taylor series for this functionat 2 0 and 7 1 have the same coefficient
as our real series expansion ofand so have the same radiusof convergenceHowever let's observe this complex version

of the function does have some problematic

point
I 2 0

I

z F

The radii of convergence
above are exactly

the distance from our centers 7 0 and 2 1

to the nearest of these problematicpoint



In here series
T for centered

at 7 1
converges

tn E

Note is holomorphic in Q M This
hints at the following remarkable fact ifF is holomorphin a U then for every ball
B EU f has a convergent power series
representation inside B Ad This kindof resultis very special about complexfunction

on

isnt true for real function Eg it
can be shown that the function f R R

defined by
FH é if no

0 if 40

is infinitely differentiable a prerequisite to having
a power series representation but can not
be represented as a power series around x 0



The easiest way to prove this result
that holomorphin function are locally given by
power series is to use a result called the
Cauchy integralformula which we learn about
soon Once we have the Candy integralformula
we'll come back to show this remarkable result
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In this lecture we will momentarily finish up
our discussionof power series We'll mention

power series again later after we've developed
some more machinery which willmake certain
results easier to prove but for now we'll
tie up a few loose ends

First let's observe that power series representation
of functions are unique That is suppose we

had two ostensibly different power series
centered at Zo which represented the
same function F in the overlapping discs of
convergence C

g suppose

cutz E flat citz zof

for all 2 in some disc Brled Then
we can show CFCI for each n The
idea is to observe first that co co

as

f z f cntzo zf coteiotc.io't co

and similarly flzo ci Iz zoy cj



Now notice

f z If nenlz z.fi c 2eelz z.lt la att

4 nei z zo c 2ei z Zo 34k tort

Plugging in to me see a fizd ci

Taking the secondderivative

f z n n 1 cnlz z.tt 2C Geglz z.lt key a zit

n n 1 citz to 2ft be lz zdtkcylzz.tt

Note f z 2 c 2c a c

Continuing to take derivative on evaluating 7 e

we will see

f zo vi c nl.ci

a ci f

Observe this tells us power series in general
are necessarily the Jayloe series of thefunctions
they represent



We can use this to prove the following important
theorem

The IdentityTheoremfor Power Series
Suppose Fft and glt are two functions
represented by complex power series centeredat to

f z enfeet

glatI.dnlz z.in

If there exists a sequence a new contained

in the intersections of the domains of fand
g with to to a flat glad forall n then feelglel

We will actually prove this as a corollary
of the following

Thy flat is a function representedby
a complexpower series

alt t.TW
Flat 0 for each n in some sequence approaching
Zo the each c 0 and fle is the constant

zero function



Pf
Notice by continuity flzi often 0

and so co 0 Thus Ftl
may be expressed

as

f z fc.lt zf has c D

z z f z calz zo

f Cut z tot

C C z z t c 1a zf t_

Call this new function F z Note Fte is

continuous and F zn 0 for each an as

well since f Zn Zn Zo f zn 0 This
repeating the same continuity argument above f 121 0

so CFO Repeating this process indefinitely Chich
we can make precise using

induction we see each

Cn 0

Pfjpohfkt.tk hog analog someone
approaching Zo Consider the function

h z flat glz g ca d z zo



Note hlzn 0 for all in the sequence so

by the theour above h is the constant
zero function

and each coefficient ca du in

it power series representation is zero so c du
w f g
Notice this theorem implies that if a function
F R R is represented by a real power series
then the function can be upgraded to a

complex function F given by a power
series in t w the same coefficients as the

original real power series in exactly one way

For example the function Xte is defined
on R by

e x ̅

We define the complex exponential et to thus
be

eᵗ

This is the only function representedby a
power

series on Q which agrees with e for ER



We can verify that familiar propertiesof
the real exponential carry over to the
complex exponential such as

et't et et

lz.tz.tn If 6 z.kz h

I t at t 1 247 2 fettiffetitif
I z

2
It at E 4ft

et et

This can be used to compute complex exponentials
by writing Z xtiy so

et e e e e Icosytisintyl

Eg
e3ᵗ4i e os 4 isin141

Notice if the imaginarypart increases by2In ne 2 the et is unchanged

e f4gs4t2In ism 4 ZTal e'Eoosl4ltism141



In general

6
12ᵗʰ

et e e costultisin12TH et I et

Similarly sin x and cost haveofower series representation

cos x ESHITÉ

sina.FM In

We use this to define complexsine and cosine

sink Hi costs E hi

Note that the radius of convergence of
our power series for et sintal and costal
are all infinite and so these are well defined
holomorphin function defined on all ofWe can use these series representation to

justify several identities
homework

cos e sin

e't coalz isintz sin f too e



Having discussed the complex exponential
the next natural function to consider is the

complex logarithm

For real we define log x as the
inverse of e We cannot define a

complex log as the inverse of et
since et is not one to one namely et e't

We could reasonably use power series to
define the complex log Recall the
Maclaurin series of log HX XER is

E 1 4
This

converges for xᵗ Hill We can then
define

loglitz 1 15

which will converge for ZE B O

Eg log Exit log 1 1 1

Inhi n

0.45815 0.321752



This power series only allows us to
compute logle for ZEB 2 this is log Hz

for ZEB d We'd like to extend our definition
to more of the complex plane but the
fact we can't define logh at zero creates
a problem

As 2 1 our series expansion for log Ita

becomes
hit.tl l it

E.tn
which

goes to
e
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In this lecture we'll try to make sense of
a notion of a complex logarithm We'd like
to do this in some way that agrees with
our notion of the logarithmfor real numbersand see a natural starting point might beto upgrade our real logarithm to the complex
plane by mimicking the definition of the real log
For real numbers the function bula is defined
as the inverse of e Unfortunately this definition
doesn't quite work for complexlog since
the complex exponential e is not injective as we'd
seen in the last lecture et is periodic wperiod
2T ett i et

In general we say a function f
z such

that et z is abranchofthecomplexlogarithe.CObserve there is no choice of Z so that
É 0

et e I et costg tisinly 0

cosly isinly 0

cosly sinty 0



But cosly isinly costly sin ly for all y
So any branchof the complex log we

wish to define will necessarily be undefined
at 0

Our goal now should be tofind a branch ofthe complex log instead of the complex log
Using our knowledge of power series one attractive

approach might be to use a power series representation

of login butthen use a complex variable to

get a holomorphicfunction

It is an easy exercise in calculus to show thatthe Taylor series for log x centered at is

1 15

which has radius of convergence 1 Let's

define a function Iz not standardnotation
to define a function

LED It it

From the last few lectures we can see this
defines a holomorphicfunction in the disc of



convergenceof this series which is Bill Furthermore

for real in this ball lie 02 421 the
value of LIA will agree with login

Of course the problem with the LH is that
it is only defined in B 1 We'd like to
extend 47 to be defined in as much of the
complex plane as possible One approach to
extendingthe domain of LIA is to use a

technique called analytic continuation

The idea is to take our series centered at 1
and use it to compute the series expansion around

some other point within the initial series disc of
convergence If the new centerfor the series

is furtherfrom any singularities of our functionthen the radius of convergence will be larger so

we can define the function on a larger domain

www www.t Ipadadf.in

In order to computethe new series centered at



another point we need to be able to compute
the derivatives ofthe function Since we can

differentiate a
power series by differentiating each

term in principle we can determine our derivatives

just using the power series However it will
be helpful to note the following results as it
will make our computationfor expanding the domainof
e a bit easier

The
Suppose U and V are open subsetsof C
and
g
U V f V U are two holomorphicfunctions

satisfying g 7141
2 for all zev Then

F e

g A

Pf
g Ftz

z

glflell 7

g flex f121
1

f e gift
As a corollary if F z is any branchofthe complex exponential et z then Ftz



Continuing to differentiate a nice pattern emerges

f z z

F z z
2

f e 22 3

f e 65

i

f z 1 11 n n É

Thus if we take our series expansion for Llecentered at 50 1 and compute the series expansion
about some new 5 in the disc of convergence
of LIZ we will obtain

4 E.ttIlz g.I

L15 Et I'Silz g.Y

45.1 I.IE lz g.Y

This series converges in Big 5 as we

can verify withe ratio test



lz 5 tk
f 51451

It would seem like this gives us a reasonable

way to define a complexlogarithm on 503
start from the series expansion agreeing w log x on

0,2 and then perform analytic continuation repeatedly
to expand the domain of LIZ to other points
in the plane

This doesgive us a reasonable notion of a

complex log unless we try to extendthe domain
so much that it encircles 0

As we can verify by doing the tedious computation



by hand for on a computer if we try
to extend our definition of 4 by going in
a circle around 0 to come back to 1 we

will compute two different values of 2121 the
initial series tells us 2127 0 but the new

series we develop after going i a loop arow
0 will tell us 1 2k

See supplementalSage code
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Recall that the Riemann integral of a functionF x defined on an interval a b ER is defined
to be the limit of Riemann sums

71 Ax

Here we imagine the interval a b as being
divided into a subinternals and we associate
a number Fl Axi to each segment where
DX in the length of the ith interval and x

is some point in that interval

We obtain Fluid by taking the limit ofthem Riemann sums as the size of the intervals
shrinks to zero which

implies the number ofintervals
grows to infinity



We can try to mimic this procedurefor
complex functions FIA but note that there
can be several choices of how to getfrom
point a to point b In R there's essentially
only one way to getfrom

a to b
C

kiss

A priori the choiceof a curve from a to b
can alter the value we compute and so for
a general complex function 717 our notion

of an integral will depend not only on

the points a and b but also how
we get from a to b

Once a choice of curve C from a to b is

chosen we can define a Riemann sum off e along C as follows We segment C
into in pieces say

C through C

a



For each piece Cr let Z be any
choice

of point on Ca and let Aza be the
vector thought of as a complex number joiningthe endpoints of Cr

i
a

We then consider the sum

flzman
Note if we write ZIxfiyjflxtiyl ulxiyltivlx.gl
and Δzk Axatisyn the quantity above can

be expressed as

CulEn.geltivlxE.yaD IAxetisya

ulin.ge Axn inlxa.yalSyativlxet.yatIAxn ulxny b

EUxi.yhbxk vlxi.ptAyn ilulxiiyetlsxntulxi.atAya

Taking the limit as the length of each segment Cn



goes
to zero we have the complex integral

F z dz

which we can express in
terms of the real

an imaginary parts of 7 as

udx udytifudxtu.dz

Of course these expressions aren't terribly useful
for actually evaluating fade To get
something we have some hope of actually computingit's helpful to use a parametrization of C

So suppose
C is parametrized by t xH iyIA

with α t β

a zN
É g

b 1H

Our earlier Riemann sums can be written as

letter.it xlta xlta i vlxlEalylEallyltal yltnIiulxltAiy all lxltal xltm.it tulxlEal yltil lyltad ylta



Assuming x y a b IR are differentiable the

by the mean value theorem there is some

tk so that

xltil.tt
xltal xltn.nl X ti total

Itil Atk

and the sum becomes

Ellxtytal xltil vlxlta.ly tal
y'ltalJAtntiEnLvlxltalyltal x'ltialtnlxltalyltally.lt'aDΔta
which in the limit becomes

UH ya XCH

ulxltliyltllyltldt.fiCxlHyEDXKltulxltl yCtDy'Ct1 dt

Which corresponds to the followingmultivariate line integral

ulxiyldx vlxiyldytifulxsyldxtulx.gldy



To quickly recap given a complex function
F U E

given by flxtiyl ulxihtivlx.gl the
integral of 7 over a curve C contained in
U is defined as a limit of Riemann sums

analogous to the definition for a realfunction
integrated over an interval

Flade 5 flzñΔzn

which can also be expressed as a sum of
multivariable line integrals

flz dz Ludx udy ifudxtudy

These integrals become regular cale I integrals
once a parametrization Z t xHltiyH1 α t β is

given

Ftz dz Flat z Aldt

udx vdytifudxtudy

IHlxltl.ylthxiltl vfxk.lytlly'ltIdttifLvlxlhy It ulxkl.glagtld



For example if C is the section of the
parabola y x from 10,01 to 12,41 in the

plane parametrized by ZH xHltiy H t it oct 2

then we can compute 32 dz as

132 2 5341 IE EY
f3 E i2E t4 lti2tldt

3 H i2t3 t i2t 4t i2t dt

3 E 5t i 45 21 dt

3 t tilt It

3 32 2116

8 96 48 64

88 16

Anthem evaluated at the endpoints of
our curve 0 and 2 24 are 0 and 88 16i



Recall that curves in the plane are given
an orientation a choice of forwardsbackwards
along the curve If C is an oriented
curve C refers to the same set of points
but with the opposite orientation

a a
C

Changing the orientation of a curve will

negate the value of any integral over that
curve

Prop
For
any

oriented curve C and any complex
function F

Ftadz fade

Pf
Exercise

The integrals Fleldt we have defined are
sometimes called contourintegrahorpathintegrd.USwe will see these integrals have some

amazing law surprising properties but let's first



address one conceivable issue about computing
these integrals using parametrization does
the value we calculate depend on our choice

of parametrization That is if Z.lt xiltltiy.lt alterand ziltl xultltiy.CH Getty are two parametrization
of an oriented curve C is it true that

FC2 ltllziltldtequahfflz.lthz.lt dt

To see these are equal let's note there
exists a function 914 from α β to 5,23
so that Z A 2219141

Z

To justify the existence of such a 4 let's
suppose

2 and z are injective so they have a

well defined inverse functions on their common



image C Then we can simply define
Ziozy so Z 4 2 zioz 2

Now consider

flz.lt ziladt

f 2.19141 ddtz.LY t1 dt

ff z.l91H zi19 t 4 Ctldt

Now perform the substitute a 414 du 9 E dt
and our integral becomes

F zdullziluldu fflz.tl zittldt941

Thus we are justified in using any parametrizationwe'd like when computing a contour integral

As a consequence notice we can integrate over

a collection of curves concatenated together
by summing the integrals over the individual curves

If C is a curve represented as curves



Ca Ca Cn concatenated

NY It
then

Setlade É adz

This is helpful when our curve is only
piecewise smooth E.g suppose C is the curve

C
IF

where we have a horizontal line segment a

vertical line segment and an arc of the ellipse44 1 Let's integrate z i over this curve

To do this we need to parametrize our curve

and the easiest way
to do that is to think

of the curve as a concatenation of three curves



say
C C C indicated below

It is easier to parametrize these curves

individually C we can think of as

G Z t 0 2 Hi 0442

Ce is also easily parametrized

Ci ZH t OLEES

and C we can parametrize by imaginingit's an arc of a wide that's stretched
out by a factor of 3 horizontally and a

factor of 2 vertically

Cz 2 f 3cost 22sink O t

We can then compute

ftide f.fi I



While it is possible to computethese integrals
manually using our parametrization it is

quite tedious We will soon see there are

some theorems that will greatly simplify this
computation

As another example consider integrating
F z E over the ellipse y 1

This is parametrized as Z t 2 cos t is in It

for OEtE2T no

dz 2 oslt is.in t 2sinlt isosltl dt

J 4cosltlsinltl i2co5 t Zisin t cos f sinfeldt

3

3 judu 2 i 2K

21 2K



 

Ohhhhtime we leftoff with the example of
Eda

where n

i
Prom Greeist

heoum.IS
IPidt QxPddxdy

Prove
EEiktyffamf

a f ta s.ro

Note if Fte is a function st flade depends
only on the endpointof C the 8,76117 0

for all closed curves C

Jorden curve theorem stunt no pf

Gfftti a closed curve and F in

holomorphic on the interior of C then flade 0

Ef f is holomorphic and C C are two
curves v1same culpt i domain of f so

that C can be homatoped to CT keeping
endpt fixed on staying in the domain of fthe ffAldz fleldt



We had previously seen that 2ti

1

co



f Q Py dA f Qda f P das b

Qdxdy f dydx
a a

01by Qlayldy

Qdy lady Qdy 1
05 right left

B



Gaspfathff are continuously differentiablefunction
defined in a region 5 with boundary 05 2

Then
Pdx tody Qx PyldA

Pf
We first suppose S is a rectangle a b ad

with boundary C C c G 14 gain below

a.FI
C

C Xt yall t c atteb
C xltl.gl b tcEtEdGx14 yltl atb t d a Eteb

Cy xlt y
t a etd t eeted

We can verify
Green's thrown by direct computation

QPyldA Q dA ffPydA
S s

d b

Qxdxdy dydx

b y Qlay dy Plx c Plad dx



Now we compute the line integrals

Pdx Qdy Pdx Qdy Pdx Qdyt Pdx Qdy PdxtQdy

Note dy 0 on C and G dx o on Gad Cy so

this simplifies to

fPdx Qdy Pdx Qdy

Using our parametrization we have

Pdx P t c dt Plaid

IQdy Qlb t dt f Q bydy

Pdx Plath t d

Letting a ath t du dt this becomes

Plu d du PCud du Plx d dx

Qdy Q a ctd t tildt



Using u ctd t du dt this becomes

la u du la u du IQ a y dy

Adding there together gives us the same

expression as our earlier double integral so

Green's theorem is verifiedfor rectangles

For rectilinear regions whose boundary consists

of horizontalvertical segments

We decompose the region into rectangles

52

s

Not
gPdxtQdy dx ady

as overlapping interior boundaries cancel out

Em and



Also note for the double integral

1 IQ P dA ff.IQ P dA

But each Ses is a rectangle so

4 Peldt Pdx tody

Thus Green's theorem holds for rectilinear regions
For general regions we approximate w rectilinerregions

Eternity
If

For every 70 we can find a rectiliner
S approximating R so that

I Q Pylda 1 x P dA2 and

PdxtQdy PdxtQdy 442



Thus

Pdx Qdy Q PydA

Pdx Qdy Pdx Qdy f Q Pldt Q B da

Pdx Qdy Pdx Qdy Q Pldt Qi B dal

Since this holds for all e o

Pdx Qdy Q P dA
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Lecture19 complexdntegration.pt
In the last lecture we had observed that

if F is holomorphic in an open set U or

if C is a closed curve such that both
C and its interior remain inside of U
then

flz dz 0 This i Cauchy'stheorem

As a
consequence if a curve C can be

continuously deformed into a curve C with
the deformation preserving the endpoints of C
and remaining in the set U then

e dz flade

We used this to show that for any curve

C encircling the origin exactly once with

positive counter clockwise orientation we must
have

dz 2T

Let's first extend the proof of that result
to obtain a more generaltheorem



Then The Deformation Theorem
Tuppose UEC is open and F U E is

holomorphic If C C are any two
closed curves in U where C can be

continuously deformed to c with the
deformation remaining in U then

hide flade
Before giving the proof of the deformation
theorem observe that unlike in Cauchy's theorem

we are not assuming 7 remains holomorphic
in the interior of Etha b tnnot necessarily have

Pf
We will first give the intuition of the
proof then make the proofprecise The
idea is that as we deform C into C

the difference between the initial C and some
intermediate deformation is a closed loop inside U

C
intermediation



Note that dt
as their difference

is made up of closed loops which are completely
contained in U as are their interiors

C C CutCR

leldt flade a dat a dz o

Thus the difference between nearby deformations
is always zero is

The main takeaway from the deformation them
is that as long as we stay inside of the
domain of our holomorphic function while deforming
we don't risk changing the valueof our

integral we we can replace a come with
an easier to parametrize curve when doing
calculations

Example
Compute

where C in the came

indicated below
change to z É



t.EE

By the deformation theorem this equals
d

where C in
say a circle of radius 2 centered

at the origin Thus we can compute

da da

OB a

f2iosttizs.int 2sintti2iost dt

f



Let's notice that it's very important our
curves stay w in the domain of a holomorphic

function as we deform the curve if we skip over

a point where the function is undefined the

integral can instantaneously change

E
g compare

the values of f w 1 when
C is a curve connecting in the upper half
plan andCa is a curve connecting the same

point in the lower halfplane

If
a

f sinltlticosltiffio.lt isnth instt costt isnt that
idt

Ii

Before proving our main result for today we

need the following lemma which we can

view as a mild generalization ofCauchy'stheorem





So for each OC ER we have

flz dz M2T

Letting r decrease to zero show 1 76 dzl 0
so f e da 0

With the above we can now prove the following
amazing

theoren that allows us to express the
valueof a holomorpho function f at a point
as an integral around that point
The Cauchy IntegralFormula
Suppose 7 21 IC is holomorphic UEC is open
Let to be any point in U an r o

chosen so Belzieu For every SEB led

715 it de

a



Let
g
U E be the function

glz 211 if z 5

715 if 2 5

Note
g

is holomorphic on 4 53 and
continuous on all of U Thus

9 de at fIdz o

Now we write

IE dt it de f.E de

de 715 me S 2ti715

We'll use this to prove some important
theorems later but notice this sometimes

gives us a

way
to replace complicated

integrals by simple function evaluation



Ecompute d where C in

the curve below

II
Letting 7127 2 22 5 Cauchy's integralformula
and the deformation theorem tell us

Fli 2 dz

22 21 5 2
t de

t.IE dt 2Tilinit 4IIYI
We can also read off the valueof derivativesf g from the integral

Then Cauchy IntegralFormula for Derivatives
Suppose 7 21 IC is holomorphic UEC is open
Let to be any point in U an r o

chosen so Brlz.EU For every SEB e

715 de



We simply differentiate both sides of the
equation provided by Cauchy's integral formula
with respect to 5

719 net dz

f 5 z z 55d

2 FE z 5 de

F g if.net dt

This establishes the theorn when u 1 For n't
we proceedby induction Suppose we have established

7 15 1 LI yd
Then

7 g f.n.IE ndt

CE 711 z 55 de

fm ftde



Ecompute Éde
Letting F e e

ᵗ
note f x 2e

ᵗ
f z 4e

and F z 84 Then

7 o ee de

de 8

We now have all the took necessary to prove the
theorem we've mentioned before if a function is

holomorphic then it can be represented as a power
series locally

Thsuppose F U C is holomorphic For each
Z.EU I can be represented as a power
series centered at zo converging

in each ball
B Zo such that Brtzo Q

PFLet
5 be any point in Brted Then

715 2
mefdt



z_ g
Fte de

z z.IE FE dz

2 tz z ff.tk dz

2 2 EF Ide

fielda

fE.fm ndf 5 z

If 15 2.1
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In this lecture we'll use some of the theory
we've developed to prove a few particularly
important theorems

We'll begin though with a
verysimple definitionWe call a function F G IC entice if itis holomorphic at everypointof the

complex plane

Some
easy examples of entire functions are

polynomials sine and cosine and the exponential

function et

One key property of entire function is

that they never attain a max or min in

fact they aren't even bounded if f isentire thenfor every MEIR Fee so

that If M This result is called Liouville's
theorem and we'll prove it in just amoment First though notice there is

no analogueof Liouville thrown in the real

setting E
g

aretan x is defined on all ofIR but is bounded ELwatan x 4Th



Theorem Liouville theorem

The only bounded entirefunctions are constant

Pf
Suppose F C IC is holomorphic and bounded
so FMER such that z G If e KM
We will show f is constant by showingits derivative is zero at every point
Using Cauchy's integral formulafor derivatives
for each SEC and every v70 we have

F 5 a

1715111 it dt
1,11 4
gl

de

de

IT 2T



So for every no 1715147 Letting
r become arbitrarily large 171571 is

arbitrarily small so F 191 0

With Liouville's theorem at our disposal we

can now prove one of the most important
theorems in all of mathematics

Thin Fundamental Theoremof Algebra
Every polynomial with complex coefficient has
a root

Pf
Let F t anent at ao be a polynomial
with complex coefficients Wefirstshow that

if Z is sufficiently large in absolute value
then Flt can be made arbitrarily large i

absolute value as well That is given MO
there exists an v70 so that if 12172
then 1712717M Homework exercise Now
consider the function fit If Ftz has
no roots it is an entire function But

for large 2 1714 sin bounded

17147M

4T
If IIR then I feel attains a maximum



by the extreme value theorem Thus Fla
is a bounded entire function but byLowville's theorem this is impossible

Corollary

Everypolynomial with complexcoefficients maybe written uniquely up to permutationofthe fi
elz pI z pl le path

where fjee MjEN and mn equals the
degree of the polynomial
Pf
Homework

To continue our study of holomorphicfunctions on

complex integration it will be helpful to
make the following definition Given a

closed curve C and a point S C we

define the windingnumber lake calledthe end
of C around 5 as

nlc g Let
This number counts the numberof times



C winds around I counter clockwise

L
n c 2 0

a
msn.tnc 8

2nc 8 3

n c E I

As we'll soon see many results can be expressed
in terms of winding numbers For example
we can extendCauchy's integralformula to
curves which are not simple by incorporatingthe winding number

The Candy integralformulafor non simple curves

Let f U a be holomorphic function and
C a curve contained in U where n C z 0

for all 744 Then for each 5EUR

gdz f g inle

Thomework
Hint If C is a simple closed

curve with positive orientation this is simply
the version of Cauchy's integralformula we



proved in the last lecture If C is simple
with negative orientation we just negate the
integral If C is not simple we can

use the deformation theorem and imagine C as

a concatenation of s c c s

We
say a point a in the domain of a holomorphicf is a zeroofmultipliityifthepowerseri.esrepresentation of f centered at a has

the form

mCk1z ask cult at cnn.lt at

with cm 0 Note in this case we

can factor at out to obtain

f z z atglel
where

g
is a holomorphicfunction andglalto

Iterating if f has zeros anan san of
respective multiplicities mn mu we can write

f e z a.Y.lt a Iz a glz
where

g
is holomorphin and not zero at any as



Notice

F'E m z a Iz al z af Iz aniglet
1129,7melz a.tt It a z anigle

z a z af mulz an g t

z a Y z a z aIgÉ
Dividing this by Fte gives

t t agfe

Now let's notice if C is a closed
curve encircling the ok we have

2
de É t t t lyfe de

a Eat ELEE fit
Man c ar

Thus dz count the number of
zeros bymultiplicity and winding number



enclosedby C

compute
d where e

is the circle of radius 2 centered at the

origin

Note our integralhas the form
de

where

the at

In
These three zeros of multiplicity I are

enclosed by C and so our integral is
2T i L 1 1 Gki

As another example let's compute 8É It
where C is the curve below

it



By our earlier calculation taking

f z 623 6Éi 62 z i

we have

E 2.2 1 3

2
de 3

I a ti

The following theorem tells us that holomorphic
functions locally behave like polynomials



 

Omegas
motivation

Define isolatedpoints
Use identity theorem to show solutions to
F z Z is isolated if f is non const

holomorphic function
Define singularities

Removable
singularity Example

gfyntygggym.ggzygynagg.gg
md

Contradict them
Maybe not but good exercisefor the
students
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In studying integrals of complex valuedfunctions
we saw by Cauchy's theorem the integralof
a function around a closed curve C field2
is zero if f is holomorphic on the interior of c
For many integralswe've

considered though
the function isn't holomorphic inside all ofthe region boundedby C but instead

may have points where the function is

undefined

E.g the value of t.EE fiiIff idt
where C is the_curve below

z 2 325 742 4

should not be expected to vanish since the

function is not holomorphic inside the curve

Exercise Compute the value of the integralabove



We'll now start to study these singularities

of otherwise holomorphic functions and willlater see how certain values associated to the
singularities determine the valueof integrals aroundclosed curves

First we'll make a topologicaldefinition to
simplify our language a little We will

say a set SEE is isolated for that
the points of S are isolatedpoints if
for each S there exists an open
set Ux with x.EU and yet forall other yeSKR
For example 5 2 in an isolated set
since for each xEZ the set U By lx will
be an open neighborhood avoiding the restof Z

s

The set then is isolated but
OUENEN is not

Exercise What are the Ux set for Ethnets
Why is 03044 3 not isolated



Now
suppose that U is an open set

on SEU is a subset of isolated pointsGiven a function F V15 which is
holomorphic we call the point of S
singularities of f For example the
function

Flz
is holomorphic on 040,23 and so 0 and i

are singularities of this function
It will turn out that singularities come in a

few particular types

A singularity to of a holomorphicfunctionF is called removable if Isaf e exists
In this case we can extend f to
a holomorphin function I defined at z

by declaring Flz flz if z zo and

F 7 17 Flt Often we'lljustfill intheremovablesugitantiesand replace 7 by F

Our function F above has a

removable singularity at i as

I F 2



7K
We will say a singularity to is

non essential if there exists an integer m

That the function glz z 25 Flz has
a removablesingularity at 2 Of course

removable singularities are non essentialby definitiontake m 01 but some non removable singularities
can also be non essential

In our function above

FE

There is a non essential singularity at 0
as

50 z.FI z Ioz.Efff 30 i

Notice though that 0 is not a removable

singularity as

17 t
t.io iltti

In general non essential singularities which are

non removable are called poles and necessarily
have the property that 2 lt z 1 x Exercise



Given a holomorphic function F UK2.3 which
has a non essential singularity 20 we definethe order of f at zo devoted ordlf 201
to be the negativeofthe minimum value in

so that 2 2.572 has a removable singularity at Zo

For example in our running exampleofFte E z

the singularities of i and 0 have orders 1 and
1 respectively As another example consider

FH HIIIII
This functionhas singularities at 0 2 and I
and the orders of these singularities are

ord17,0 3 and f 2 1 ordlf 1
O is a triplepole 12 is a simplepole I is a signalThem

Tuppon F V42.3 is holomorphic with
a non essential singularity at z Then

ÉgÉÉÉf woh
hhᵈfH

fyord 7,20 0 if and only if to is a

removable singularity on flzo to after
extending the function to a

ordlfiz.CO if and only if zo is a pole



Pf
Exercise

If f has a pole at to an ord f z m 40

we sometimes

For example of IEEE throtiffs
and we say 0

is a poleof order 3 Poles

of order 1 are also referred to as simplepole
polesoforder 2 are doubhpoli.ph of order 3
are triplepole etc

Tht isolatedsingularity z of a function 7
in removable if and only if 57 It 2.77121 0

Ttf to is removable z.tk SEE no II z z.lt z 0g o

If I z z zdf z 0 then z z Ftz holomorphic so

Z z Ftz C c z zo calz zot

But this equals 0 at Zo so co 0 and

we have

z z f z c z z t c z z esfz z.tt

f z C Ca z z t c z z for z z



Butthe limit of this as 2 to is a so

7 Fla c and to is a removable singularity
Them Rieman's removability criterion
Thr isolated singularity zo of a holomorphicF U z Q is removable if and only ifthere exists an rso so that the punctured
disc

Brlzd Brlz.kz

is contained in the domain of f and f
is bounded on this punctured disc
Pf
If Zo is removable the condition is satisfied
as II Ftz is some finite value say SEEThen 270 7870 so that 047 2048 implies
If z 91 2 Thus f e CBelg and so
is bounded

Now suppose
f z is bounded for ZEB a

Then II z z F e 0 and flz has
a removable singularity at zo by our earlier
theorem



Note something akin to the Riemann removability
criterion is very fake in the real setting
In particular consider sink which is undefined
at x 0 but is bounded However x 0

is not a removable singularity of sink as

30 sink DNE even though ox.si x o

Iestiffsttitman about the complex valued
sintz which has an isolatedsingularity at e 0

An isolated singularity z of f is called
an essentialsingularity if.it is not non essential

By Riemann's removability criterion Flz must

be unbounded near to if to is an essential

singularity although this is also true for poles
In the case of poles though 17141 x as

2 to For essential singularities not even this
is true E.g sintz has an essential singularity 07

We won't prove the following theorem but
it highlights how poorly behavedfunctions are

near essential singularities

The Picard Big Theorem

If to is an essential singularity of



F UKzo Q then for every no such
that B a EU f U a 714 61953
for some

For most purposes we don't like essential
singularities because we don't have nice theorems

for functions with essentialsingularities As
we'll see though poles aren't so problematic
So we give functions

where only singularities
are removable which we often implicitly just
fill in to remove the singularity and poles
are given a special name they are called

meromorplinfumkon.it
is sometimes convenient to imagine that

is a point and a meromorphicfunction gives
the value when evaluated at a pole We
make this precise using the Riemann sphere
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Meromorphin functions can always be represented
as
power series centered at points where the

function is holomorphic but can they be
represented as series at their poles

The function F e z is an important
example to consider Can we write le as

a power series centered
at 0 The answer

is clearly no for our usual power series
since the coefficients would necessarily be multipleof
derivatives of It evaluated at 0 but the
function is not defined there If we're willing
to extend our notion of a power series

a little bit though it will turn out
there is a

way to represent meromorphic
functions such as by series centered at

their poles

First we need a definition We define an

annulus of inner radius r and outer radius
R centered at 0 to be the set

A heart let LR



Now let's consider functions which are holomorphic
in A Of course any g which is holomorphin
in BRIO is holomorphic i A but so

are functions of the form 27h1 z where
h is defined in holomorphic in By 0 if1217 r then Tact Notice too that

given holomorphic g BRIO e and h B a e

the may
7 A E

z ga the
is holomorphic in A In fact if we choose
our h so that 4107 0

every holomorphic
function 7 defined on A has a unique
decomposition as flz g z h E this
is known as the Laurentecomposition of f





Now consider the function G A C give
by

if Z zGG

if z e

G is holomorphi in A so by
the deformation theorem

1
dz pG alda

But not

1
6kHz da

de 7k
pe

dz

and similarly

612 ᵈz de fled pztz.dz

Thus













 

Math 424 Spring 2024
Lecture2TheResiduether

In the last lecture we saw that if z.is
an isolated singularity of a function f which
is holomorphic in some punctured neighborhoodof
Zo so F U zB Q is holomorphic where
UEC is an open set containing to then
I can be expressed as

F e
2 alt E

where the coefficients ca can be computed

by Cauchy's integral formula

cu y.IE ndt

From this series representation and expression of
coefficients as integrals we can prove an extremely

important and useful theorem called the
residue theorem Before we define what a
residue is and state the theorem let's
consider the following calculation

Suppose Zo is an isolated singularity of



F and C is a simple closed curve

encircling Zo and no other isolated singularities

of 7 Let the Laurent series of 7 around
to be Exentz zÑ Now consider

Fade Catz zo de

entz z t c ft t.tt fe.lzzflz

Culz z dz z.dz t c le a dz

Observe that for n 1 z z de o

Easy exercise By performing the substitution
U Z Zo we may suppose

20 0 Then bythe deformation theorem we can assume C is

the unit circle Finally parametrize the circle
as 2 t e't for 0442T andperform a direct
computation

Thus we have

Fte dz z.de C 2K



So integrate around a single isolated singularity
are just 2T times this coefficient c that
appears in our Laurent series expansion Given
the specialsignificanceof this value we call it
the residue of f at to an denote it Resff zd

In general if a function has multiple isolated
singularities each one contributes its residue
to the valueof an integralof the functionaround a closed curve This is known as the
residue theorem

The Residue Theorem

Suppose F is a holomorphic function with

finitelymany isolated singularities 2,24 tn

If C is
any piecewise smooth closed curve

in the domain of f in particular C does
not pass through any zk then

If e dz 2Ii n C zm Resff za

Pf
By the deformation theorem we can suppose
C decomposes into a concatenation of multi

circles C Ce Cu where Cp encircles



Zn and no other isolatedsingularities ofF Ck consisting of Ink zN circles
with positive orientation if n C Zaino
negatin orientation if n C za co w

Ca is the empty circle if n C za 0

deforms to

foe
We then apply our earlier calculation to
each Ck circle multiplied by n C za
to account for orientation and Ca encircling
Zn multipletimes

So the residue theorem essentially tells us

evaluating integrals is the same as determining
residues

Eg
Compute e da where C is the unit
circle

Notice e has an essential singularity at 0
It Laurent series around 0 is

IT 1 t te t t test



So Reslet 07 1 and e dz 25.1

If we already know the Laurent expansion
of our function around its singularities the
we have the residues and can compute
integrals easily However if we're given
a function and asked to integrate it using
the residue theorem computing the Laurent
decomposition doesn't seem helpful because that
requires computing integrals

However we don't need the full Laurent
decomposition we just need this one coefficient
In some situations this can be computed
more easily

If to is a removable singularity then
Resff z 0

If Zo is a pole of order m then
z 7057 z has a removable singularity and
so can be expressed near to as

z Zo F z

blz zdtbzlz zott e tbm.la bmlzzottbmnlz z.tt t



Notice bun is the residue of f at Zo as

this becomes the coefficient of Ezo once we

divide by zo By Taylor's theorem In the

Cauchy integralformula plus some minor arithmetic

this value bun is In 11 times the un 1
t

derivative of 17 207Fte evaluated at z

When m 1 this would be the zeroth derivative

of 7 70 flz which means evaluating the

function at z This isn't quite defined though
so we should interpret this as evaluating the
function at it's removable discontinuity i e

computing 2.12 a f z

We can summarize this as follows

MSuppose z is a pole ofFte If zo is

a simple pole then

Resff 2 2 z z f z

If to in a pole of order msl then

Restfi e
e a.tt 75 flz



Effie the residuesof fkt E.IE at each pole

Note Flz has a pole of order 2 at
0 and a pole of order 1 at 1 Thus

Res f 0

f i Y.IE Ne
M II

Res f 1 lz D.EE i t siztI sinia o

So for any simple closed curve C encircling
both 0 ad I

IE da 2Ti E 0

Ti



As a special case of our theorem above considerthe case when our function has the form

76

and has a simple pole at to In this case

we
may

write

q
2 z z r z

where r 2 to Notice the product rule
gives us

q
z r z z zo r z

But then g e rlzd so

z z Zo f z 2 z z

L lz z.IE II

IE FIT
P



This gives us the following

Ttf flz Pqz has a simple pole at t
and p to is defined the

Rest z Pq

Example
Find the residues of all poles of

Flz 17

Note the poles occur when 24 1 0 or

24 1 Wiling I e we see one

such solution is e The other three
roots occur at e for m 1,43 giving
us

iltYyt I
ei

644
e

feisty e

Let's call these Z Ar Zs and 74



Now note 12 1 423 so

Res f z 42 e
14

Restfiz e
i 4

Res 7 z e
1544

Res f z e
2744

We can sometimes use our theorems for
complex integrals to evaluate otherwise
difficult real integrals Cg

Compute 11T Recall this integral
really refers to the limit

idx

Let's try to first compute dx

by thinking of this as a portion of the
complex integral

a IQ



By the residue theorem for R we

have

dz 2T Res f z Res Fiz

where F and z z are the poles
from earlier so we have

d 2 e e

e e
i

Et

offire

But we can also break this line integral
into two pieces



IT II a

fi ax f.E d

I d A

R

We may parametrize Cp by z t Reit OEET

W n

fi de 11f.IERieitdtCR
iRsff IpE dt

Notice

first fi iidtlersfIEia.ldt
R'ftp
njdtER'fIIdt



Notice as R x this goes to zero
and so

I d


