
 

Lectureol RealNumbers
Real analysis is basically the study of
nice functions of a real number Here nice

means continuous differentiable continuously differentiable
twice continuously differentiable etc A big part
of real analysis is rigorously defining these
nice properties and studying their consequences
That is the starting point of real analysis
is trying to put calculus on firm ground
Calculus as developedby Newton and Leibniz
was a bit handwavy For example theytalked about infinitesimals without exactly
explaining what these were In the 1800s

though there was a push to make mathematics
more formal as it was discovered that being
handwavy can lead to some surprisesE.g the discovery ofhyperbolicgeometrybyGaussBolyaiandLobachevsky

Before we can do that formal calculus
though we need to define exactly what
a real number is Let's begin by
working our way up from simple sets

Recall that the naturalnumhey are simply



the counting numbers I 2,3 4,5 and the
set of all natural numbers is denoted IN

We can add natural numbers together to
obtain natural numbers I e if x y

EIN then

xty
C IN From this we may be interested

in solving basic equations such as

X t 3 5

These equationsmay
not always have natural

number solutions such as

X t 3 1

We can introduce new numbers to insure
these equations always have solutions and we

arrive at the integers 27 1 3 2 1,0 12,3 3

If we consider multiplication of integers we

again see that not all equations will have
solutions E

g there is no integer solution to
the equation



2x 1

Solving these equations require us to introduce
the rational numbers The set of rational
numbers denoted Q consists of ratios of
integers with non zero numerator

Q F a.be27 bto In

the h means we're really considering equivalence

classes Eg we want to consider E The

equivalence relation is

Fo Ee iff ad be

Before jumping to our next set of numbers
the reals we should discuss some properties

of the rational numbers

Lemmy
Between

any two distinct national numbersthere exists a rational number between them



pf
Suppose our numbers are p

Fs and g Ee
with pig Note we

may
rewrite our

numbers as

be

p
Fd and q Jd

Aff p g we must have adccb.tt

ad

r
Pt adt

2bd bd

ad tbc
RHW

As adc 2 be per q and r

is rational as it can be written as a ratio

of integers Cadtbe over 2bd with non zero
denominator D

Core

Between
any two

distinct rational numbers there

pare infinitelymany
rational numbers

f
HW



Another important property of the rationals is

that they form an orderedfield which we'll
define bit by bit

A field is a non empty set F together
with two binary operators t ad
i.e
maps

1 F F F and o F if F where

we usually write atb for laid and

a b or simply ah for laid satisfying
the following conditions for all airs CEF

a b b t a

at lb 1 c at b t c

There exists an element 0 such that a to a

There exists an element a such that atta 0

ab is a

aCbd table
There exists an element LEF smh that 1 a a

If ato there exists an element a suck that
a a

a Lbt c abt a c

Basically a field is just a set when
we can do arithmetic and all the usualproperties



we'd expect will hold

It's tedious to do so but we can check
that is a field
In addition to being a field Q also has
an ordering of its elements That is there
exists a relation on Q such that

for every pair of element aist exactly one

of the following statements is true

a Lb bha or airs

and additionally this relation is transitive

if aus and ble then ace

These two structures on Q the field
structure and the order relation are not independent

of each other That is Q is an example

of an orderedfielde meaning the following

if a b70 then ath o w alto and

a b iff a bro



It's pretty easy to see that every field
can be given an order but not all orders
on a field will be compatible with the field
operations

For example it's easy but tedious to
check 40,13 in a field if we define

0 0 0 01 1 1 It 0 1 It 1 0

O 0 0 O l O l O O l 1 1
We can also put an order on 20,13 by declaring
on This is not an ordered field though
since for example no no but Itt 040

Though the rational numbers have several nice
properties they are not sufficientfor all purposes
It was recognized in antiquity for eramplethat some naturally owning values such as

lengthsmay not
be rational For example

consider the hypotenuse of an isosceles right
triangle where the non hypotenuse sides home

length 2

L
r

2



By the Pythagorean theorem the hypotenuse
of this triangle has length ra We

claim though that 52 is not rational

Ttm
52 is not rational it can not be with

pyas
a ratio of two integers

Suppose for the sake of contradiction that52 was rational say r2 q for integers
p and q gto By cancelling any common factors
we may suppose

is in lowestterms Now note

2 ri EqT Eq
2of

Thus p is even and so p must be
even as well prove this in Hw In fact
since 2 divides p we must have that 4
divides pi But of PE so of must
also be even and so of is

even This
contradicts our assertion that p w

g are

in lowest terms hence Fr is irrational is



Thus the nationals are missing some numbers
we care about and we need to add these

mining numbers back in When we add
these

missing numbers we arrive at the real

numbers

Defining a real number carefully is a bit
technical but we'll see one way to do it

soon For now though we'll define the reals

non constructively by describing them as a set
with some specialproperties For the purposes
of proving theorems about real numbers this is

usually good enough any proof that only usesthose arsumedproperties will be valid We'll

just have to take it on faith that a

set with our desired properties actually exists
and we'll show this set exists by constructingthe real numbers as certain equivalence classes

of sequences of rational numbers I



 

LectureO2Bistanceandalsolutevalueproperti
In the last lecture we said that we would
treat the set of red numbers as a set
with some specialproperties and later construct
real numbers as certain

sequences of rational
numbers To do this it will be helpful
to recall some basic facts about distance between
numbers

Since we haven't yet defined the real numbers

we shouldn't really be stating theorems involving
real numbers and should really only prove
results for rational numbers Many of the
theorems and proofs we'll give right now will

apply equally well for real numbers even if
apriori we can only use rationalnumbers for
the time being Because of this we will
use the slightly ambiguous word number
here which for now really means a rational
number but which Cafter we've defied them
can mean real number later

First a definition given two numbers
x and

y we define the distanceletue



raring to be Ix yl

8 The distance between 3 and is

b Iff f Hat

Since our notion of distance is defined in

terms of absolute values it will be
convenient to collect a few basic properties

of absolute values

Let's first recall that the absolute value
is defined as a piecewise function

1 1 4 if xzo

x if xao

From this definition we can prove
several useful properties of the absolute wake



The
For any number x

and
any

member a o

Hila iff acxca

For
any pair ofnumbers x and y lxyl hilly

For any number x 1 1 1 H
For
any

number x txt Ex Eld
pF
We'll only prove the firstpart of thetheorem and leave the rest as an exercise

Let x be
any number and

a
any

number

with a o

Suppose first that haka If a o

then this means txt x so extra
Now as a 0 we have a LO As D 0

though and since the relation is transitive
a C x ca

If x 0 then txt x so xia

and so x a Since xLo XC x and

we have
a Lx C x La

a Lx La



We now
prove the converse so suppose

a Leica where a o If Xzo the
txt x w Hila follows from our

assumption xLa If X o then
txt x As Seine a x a x

thus India D

Another extremely useful property is the

triangleinequality

The triangle inequality
For
any

numbers x and y

Ixtylthility

We know from the theorem above that

HE XEN w 44 y HH

Adding these inequalities together we have
the following that this can be done follows



from the fact we have an orderedfield

HYE x tyH
The atom theorem

again tells us

Ix yl Hilty D

It is hard to overstate how useful the
triangle inequality will be for us in this
class Often we'll want to compare distances
and say a given distance isn't too big
i.e we want a board on how large a distance

might be and the triangle inequality is very
useful here

Another useful thing is the reversetrainge
inequality

Thm lReverse triangle inequality
For all numbers xy

we have

Xxl hilux yl



P

Ff x y this becomes OEO so suppose
xty We

may
use the normal triangle

inequality to write

lxt lx ytylt lxyltlyllylly xtxlt.ly xlt txt

Moving the term on the rightwhich involves
only one variable over to the left this becomes

txt lyl E Ix yl w

lyl Ix
E ly xl

The second inequality we
may

rewrite as

follows

hi hi Ely H
hi tx Hx yl
Kyl WZ Ix yl
Ix yl E lxt tyl

Combining this with our earlier inequality we

have



Ix yl th ly th yl
Thus

Xxl titty rs

We will see both the triangle and reverse

triangle inequalities used repeatedly in this
course see it is worthwhile to spend some

time committing them to memory

We will mention one more useful inequality

Thm lcauehy bkwayelnequat.ly
Given any

collection ofnumbers x Mihir ix yn

aihiytLE.ai.ltE5i
Furthermore this inequality is upgraded to
an

equation iff there exists a X such that

bi Kai for each i



PFNotice

O E EiFfCaibj ajit
If IaibjT 2aiajbibjtlajb.IT
Egaibj 2 II aiajbibjiE.IEajbi
IE aiIEbj 2 aibi.fiajbjt.E.big.E.az

aiEIb 27 aibi Eaibi
The last step is simplyfactoring andwriting gas
i We now have

0 E KEai Eti HEEaibij
2 abit 4 E ai Eti

Dividing both sides by 2 gives the CandyShag
inequality D



 
Lecture 03 Decimal Expansions
As previously mentioned one of the first goals
of real analysis is to make calculus more formal
Since everything in calculus is defined in terms

of limits we'll care a lot about limits in this
clan and here is where we see one particular
failure of the rational numbers the limit

of a sequence of national numbers need notbe rational To understand this it will

be convenient to use decimal expansions

First note every rational number admits a

decimal
expansion such as

18 0.125

155 1.307692307692307692

As the second example shows this decimal expansion
need not be finite However adopting the
convention that a finite decimal expansion is

followed by infinitelymany zeros we do
have the following characterization of decimal
expansion of rational numbers



jhm
Every rational number may be represented
as an eventually repeating decimal expansion
and

every eventually eventually repeating
decimal expansion represents a rational
number

Before proving this theorem let's be sure

we understand what eventually repeating means

For this let's write a decimal expansion as

DmDm DD Do d d d

where each Di w di is a digit r

Di di Eloi 2

We'll say this decimalexpansion is eventually
repeating if there exists N.pe IN such that

I µ E d
Ntitp

for every ie IN



For example consider the expansion

123.456 86.78678678

There N 2 and p 3 since

dz db dg du G

dy dy do d 7

dg do d du 8

Thus the sequence of digits 678 which has

length p 3 continually repeat once we're

past the second W 2 digit after the
decimal point

p 3

123 45 78 678678
N 2

And notice again we treat finite decimal

expansion as eventually repeating expansions
where 0 repeats Eg's Ei

125 0 1251,00000
N 3



With our definition of eventually repeating
out of the way we can start proving
our theorem above We will prove this
in two halves the first half will be the
easier partof the theorem which is actually
the second statement above eventually repeating rational

After proving that statement we'll need to take
a small detour to recall some simplefacts
about arithmeticof integers to prepare for the
proof of the otherhalfof the theorem

PftherteventuallyrepeahiydecimaharerationalI
Suppose x is an eventually repeating decimal

X Dun DadDo did Andrea d pd

where we use the convention above that
dnt duties Notice

10Nx Dn D od di dw dry dn dµ

Now let y be the repeating decimal to the
right of the decimal in the expression above



y O dµ dNtpdutpt

and let E LIONx so

2 Dm DDod du

Notice 10x zty so x FF As the rational
numbers form a field it now suffices to show
that y is rational since z w ION are integers
and hence rational This is accomplished by
some simple arithmetic and algebra

y
0 dN dntpdm.pt

y
dµ dµp dntpin

to
y y day Dna

The laststepfollowsfrom the fact do i duties
for each IEIN Notice to y y is an integer Now
we simply solve for y to obtain

y40 D dnt dna

y
dNn dnp_
18 i



As this is a ratio of integers the proof is
complete D

To understand the proof more thoroughly it

may be helpful to see how our earlier eventually
repeating decimal 123.45678678 can be written as

a ratio of integers by applying the ideasof
the proof

We set X 123.45678678 Recall N 2 p 3

for this decimal Now notice

to 12345.678678678

We then have y
0.678678678 2 12345 so

1 x 12345 t 0.678678678

x 12345 0.678678678
100

Now we turn our attention to writing 0.678678678

as a ratio of integers which we do as follows



I03y 678.678878678

I03
y y

678 678678678 O 678678678

678

y403 D
678

y
Gta

Plugging this into our earlier expression for x

gives us

12345 t 0.678678678
12345678678678 X T

12345 t 7gq8_

Too

12345947g t EE
T00

12332,6959516782
Too

1233333399900

To show the other partof the proof every
rationalnumber may be written

as an eventually
repeating decimal it will be helpfulto recall
the division algorithm of Euclid



Thin the division algorithm
For

every pair of integers paid q withqso there
exists a unique pair of integers in and r

with OE req such that

p mqtr

Pf
Let me be the largest integer such that

mqEp Now define r to be p ng
Sinn p mq r p mq is non negative Now
notice

mqtr mqt p my pWe still need to show req

If r were greater then or equal to q
then we could write r qts for some

520 but then

p mqtr mqt qts mthqts
As 520 though Kuti q p s E p and this
contradicts the fact m is the largest integer
such that mqEp



We still need to show me and r are

the unique pair of integers satisfying
OEreq and p mqtr Suppose there
was another pair of integers m r such that

p in qtr with oer Cq WeD then have

p mqtr
in qtr

mg wig
tr r

Lm m sq r r

Ao r and r are both between 0 ow q
not includingg we must have m m o

If instead m m si ther

r un ni qtr
L qtr
q

which contradicts 0 2 r Cq Similarly if
m m Et ther

r Lm wi qtr E qtr Lo



As m m O m in so we have

mcftr
in qtr

in qtr in qtr
r r

We are now ready to prove the other part
of our theorem above

Pfeveryreationalnumbercankurittenasaneventnelli
repeatuigdecin
Consider the rational number Fg By the
division algorithm then exist integers mo.ro
with OE roag such that

p Moqtro

Dividing both sides by of this becomes

q mo req
Nater EroCq so

OE q.LI

If so O we are done q ME mo 000
Otherwise let rn bethe smallest integer so I ri q



We
may write Iq as

You
w

so

Pq mo t you
l

of

Applying the division algorithm again there are

integers m r with 0 Er Lq so that

10 ro M qtr

Hence

10 ro
g Mf Tf

Thus

p motion m If

If r O we are done

p Mo nm
n 1zeros

Otherwise let n be the smallest integer with 10 r zq
We
may then write



p mot m To WIFI

Applying the division algorithm to 10 r w g
we find integers me r with oeriq
an

10 r miff re
lo r

g
Met

Hence

Ff not
You m t FonLuntFD

Continuing in the way we eventually reach a

point where ri 0 and have

f mo t Fon m t FonLm t Toni m D

which
gives us the finite decimal eysansion

mo Y cmo Im mi

On since each remainder ri takes on one of



finitely many values as 0 Eric g an ri

repeats Once one ri repeats the sequence
of Mi's w ni's repeats and we write

q not m t meet mst

which
gives

us the decimal expansion

mo.oni.iomoni.fm T mi

To make the proof above a bit more concrete

let's apply the ideas of the proof to find the
decimal expansion of 2

We first note p 3l q zz

31 1.22 t 9 No l ro 9
It In

Notice 10 9 90722 and so n l

we have
In it to E



Now we use the division algorithm to write

90 4.22 t 2 m 4 r 2
972 4 t Iz

Herrn
si y tout E

Now notice 10 2 200722 so he 2

z It to14T too TE

Using the division algorithm

200 9.22 t 2 m 5 9 r 2

II 9 2

We
may write

z It to14T too 9 t I

Notice our remainder has already repeated 2 5 2

The sequence of mi's and rio will repeat



from now on For example the next step

of our processgives us

102 2 200722 Nj 2

200 9 22 1 2 my 9 re 2

So

z It to14T too 9 t too19t

Continuing the process gives

IT It to 4 t too19 t too19 t too 9too 9T

Which we may write as

IT It Fo t o t o.to oo t

It 0.4 t 0 009 t 0 00009 t 0 0000009 t

40909090909

It's worth pointing out here that the process
described above is essentially the same as long
division The step in teeny division where you



add additional zeros to number under the
division symbol is tantamount to our step of
multiplying a remainder ri by Ion

1 40909
22 of The purplezeros

are our too IT

22 addingthesezerosis like our
91oz to stepabove90

88
200
198
Too
198
T



 

Lectureot completeness
In the last lecture we saw that every national
number has an eventually repeating decimal

expansion and every eventually repeating decimal

expansion represents a rational number The

contrapositive of these statements thus show
the following

for
Every irrational number is represented by
a decimal expansion which is not

eventually repeating and every decimal expansion
which is not eventually repeating represents
an irrational number

By the corollary the following decimalexpansion
represents an irrational number

0.1234567891011121314

Notice that we can at least intuitively we

should be able to construct a sequence of
rational numbers that approaches this irrational
number



X OX I 0.12 Xj 0.123 X 0.1234567891ohm

That is it seems that we can have a

sequence of rational numbers whose limit
is not rational It is for this reason

that national numbers will be inadequate

for the purposes of calculus as everything
in calculus is defined in terms of limits

This means we will want real numbers to
be a set with the important property that
the limit of a sequence of real numbers is

a real number This property can be rephrased
in various equivalent ways which are more appropriate

for us right now since we haven't actually
defined a limit yet These other formulation

of our desiredproperty will require us to
set up some preliminary vocablary however

Keep in mind that we are using the slightly
ambiguous phrase number to mean a

rational number for now but statements
about numbers will also hold for real



numbers once we define what a real number is

We
say

a setof numbers S is bounded
above if there exists a number M such
that sem for every s es We

will refer to this number M as an

appertainedfor S For example the set

S 0.9 0.99 0.999 3

is bounded above with upper bound Mt

Notice that upper hounds are not unique if
M is an upper

bound for S and M

in
any number

with MEN then it
is also an upper bound For example M 2

is also on upper
boundfor the set5 40.9 0.99 O 999 above

If a set is not bounded above then for
every number N there exists an ses

with s N For example consider the
set 5 2 news 134,8516 3 Given any



number N there exists an s.ES such that

s No if Neo then Nazi if N o then
NONI and TNT LI but Imes

When a sets is bounded above we will
often care about the smallest possible upper
boundwhich is called the supremacy of the
set and denoted sups That is the

supremum if it exists is a number M
which is an

upper
bound for S and has the

property that if M is
any other upper

hound then MEN

For example we claim that 1 is the supremum
of 5 90.9 0.990.999 We already know
1 is an upper

bound but need to show that
it's the smallestpossibleupper band Suppose

for the sake of contradiction there was

some smaller upper bound M John for
every sts we'd have SEM 4 As M4
1 NO but we can find on SES with
1 sci M For example say

1 Me'Ton Then take
5 1 Font b 992 Notice l s l H Lion

nth 9s



But then we have

1 s Ll M

s L M

DM

and this contradicts the statement that M
is an upper board of 5

Even though upper
bounds of a set are

not unique suprema are lpronided they exists

thugs

If the supremumof a set S exists it is

unique
Pf
Homework

Upper bounded bounded atom and supremmi are

all defined in terms of inequalities saying elements

of S are no larger than something By
reversing the inequalities saying

elements of S
are no smaller than something we have



the following definitions

A set of numbers 5 is boundedbeloy if there
exists a number in such that mes for
every SES
A number m satisfying mes for every ses
is called a lowerbound ofs
The largest lower hound of a setsbounded
below is called the infirmary of S W demoted

inf s

For example 5 412,43 14 ts 3 is bounded
below and inf 5 0

If a set S is bounded above and boundedbelow
then we simply say S

is bounded

As some of our examples indicate the supremum
and infimum of a set 5 mayormaynott an

element of S

A set need not have a supremum or infimum
For example a set which is not bounded above



does not have a supremum
A more interesting

question is whether every set bounded above
has a supremum and whether every set bounded
below has an infinum The answer to these

questions depends on what a number is

For example consider the set of all rational
numbers with the property that the number's

square
is less than 2

S se Q1 s L 2

This set is bounded abovefor example 2 is

an
upper bound if ses then 5h2 we

want to show saz If ski then saz as

we're done So suppose 5h Then s 25 and

since 5 L2 5254 so s L2

So S has an
upper

bound but does it
have a least upper bound We claim
there is no rational number which is
a least upper hand If we can verify this
that will mean having an

upper
hound is not



good enough to guarantee the existence of a

supremum if we are limited to the rational numbers

Let's first show there is no rational supremum
to our set 5 above though

Suppose sups I c Q Then for every sts

we'd have SEAT and 522 Now consider

two cases whether Ies or Estes

If Tots then Enron so 0 2 Ee
Now let n he anyttinteger satisfying

2 the L2 Eg Thou meh
u exists

Then
a

2Int the L2

Et L2

But To In is a rational number so It tuts

yet EL Ith and this contradict that
is on upper bond of S



If 45 so LET 22 consider
any

n

such that
2A
Ju Tae z

and notice

2A
In In E 2

22

Ex's
E IT 2

Now let SES so 522 Notice

5 L Eb LY Hu
1

Choosing a large enough we may suppose
F th't

We claim safe'T If not 5 I I w

we have

5 s s fo t
But this contradicts our assertion 5 22 LI EY



Hence we must have To In is a smaller

upper
bound so is not the supremum of S

Similarly a setof rational numbers bounded
below

may not
have a rational Our definition

of real numbers will overcome these deficiencies
Here is our preliminary definitionof the realsThe set of realmumberis is the orderedfield
satisfying the following completenusaxion every
set bounded above has a supremum

We are defining the set of all red numbers
as a set with a

veryparticular
collection

of properties Notice that it's not immediately
clear that a set with theseproperties should
exist For that we'll need a construction of
the real numbers which will come later

Let's
go ahead and notice though that

we can go
ahead and prove some interesting

theorems by supposing the existence ofreal numbers



The

elf XLE for every Go then xEo

Let s be the set of all real numbers s

such that see for all E o This set
is bounded above for example 1 is an

upper
bound To see this note no so taking

L we see
every

elementof S is no greater
than 2 By the completeness axiom s must
have a supremum We claim 0 is the supremum

Suppose instead sups o Notice tossups o

as well but Tsupse sups This contradicts the

definition of sups

If supsco then I sups sups but
7sups so so for every Elo

sups LO LE

Sa tamps es and again this contradicts

the olefin of the supremum

As sups40 W sups40 we have sups 0
Hence

for every SES SE sups O D



for every 1

for
If e O and me for all Go then x o as

Thm lohehimedeanpruepertyofthe.RU xwy
For every pair of positive reals there
exists a positive integer in such that nx y
pf
Suppose this was not the case Then for
every integer u nxey Thus the set

S nxlutKR

is bounded above and see has a supremum
by the completeness axiom so we sups for every n
In particular 2mi Csups for every n since 2in is

a positive integer But then nxE'ssups But
tramps sups and this Fouteadicts the definitionof sup D

Coi
For

every positive real x there exists
an integer

in such that tax

Pf
If not tix for all u and Knx



for every n But this contradicts the
Archimedean

property above 4 1 in the theoremabout D



 

Lectwu05 OddsandEnds
Before moving

to the construction of the reals
we collect a fewfacts about rational and
irrationalnumbers

Lemmy

If m n are integers and m un then
there exists an integer q with vegan
Pf
Let

q
nH Then nLq is obvious and

m of
m Lu D m u l l 170 so we of D

Lemmy

If xly are real numbers and y x 1

there exists an integer u with duty
Pf
Note Tyl w Lx are integers and

yl Lx y x I

see there exists an integer n between Tl and
We claim such an n is bln x and y

UTS xency If this were not the case

then n is an integer with nex or e y



But as n is an integer this would mean

nELxS or n fl contradicting that
4 Lucryl D

Lemmy
Between

any real numbers xcy there exists

a rational number

Pf
Cb xly y x 0 and by the Archiomeden

property we can find a positive integer

q so that q4 xD By the lemma
above this means there's an integer p
between

qx w
qy

as qy qx q4 in

That is qxcpLqy so xeffly D

Lemmy
Between

any pair of rational numbers there
exists an irrational number

Pf
First note 2 is irrational and Otra
Let Fq L s be rational numbers Then

0L E Ef By the Archimedean property
there's an integer u so g

X Thus



Oh an Es Ef

o c LE Ey

Efc Ef Ere's

The claim follows if Eft Irr is irrational
which is left as an exercise D

Corofthetropreviouslemmas
Between

any pair of real numbers there are

infinitelymany rational
and infinitelymany

irrational numbers

Pf
Exercise

Even though there are infinitelymany nationals
and irrationals between

any two rationale there
are more irrationals

Recall a set s is said to be countablyinfinite
if there is a bijection s 27 A set S is

uncountable if there is an injective map 27 s



but no injective map
S 27 In this case s

has more elements than 27

We claim the nationals are countable and the
irrationals are uncountable To establish the

countability of the nationals the following theorem
will be helpful

1hm
A countably infinite union of countably
infinite sets is countable

Pf
Let S Suss he a countally infinite
collection of sets each of which is
countably infinite So there are bijection
4 27 Si for each i Now we build
an injection F YSi 27 Let pi be
the ith prime pi Z pi 3 ps 5 pi 7 ps s 1
Them define

a
4its
p if sesi

To see this is an injection suppose



Te s Ils

then

p if sesi 5TH

Since there are powers of primes their
equality means pipe so i i Hence

4i s Fili

But Yi is a bijection hence injective so

5 5

Any injection 4 27 27 can be upgraded to
a bijection Iu 27327 as outlined in an upcoming
homework

assignment
and that completes the proof is

Now we can use the previous theorem to
easily prove is countably infinite

Thin
the set of rationalnumbers in countably
infinite



pF
Let S be the set of integers thought
of as fractions w denominator L

S f F In E273 1 3 2 1 0,1 2,3 3

Let S be the set of rational numbers which
in lowest terms have denominator 2 this just
means 2 doesn't divide the numerator

S E NEE and 211nF EEE 3

Ss is the setof rational numberswith 3 as

the denominator in lowest term

S Huez w 3 3 4 i's Yo Es 3

In general for each dHN let sd be the set

of rational numbers which have denominator d in

lowest terms
y
Questirfnstudent
Why is

this equiv

to 3XuW
2Xn ahu

sD Value27andgodlyd L d s
d 2



Each Sd is obviously countable Let Qd Sd 727
be the injective map 9dEa n

As we have a countable collection of countable
sets their union is countable but this
union is exactly since every rational
number can be written in lowest terms and so
is an elementof some Sd i e Q C d and

every Sa consists of rational numbers by definition
each SdEQ UdSdEQ D

The uncountahitity of the reals uses a

famous trick called Cantoisdiagonahjahienargument

Then
There are uncountably many

real numbers

Pf
S.uppose instead there were countatly many
meals Then there exists a bijection 9 ask
Consider the decimal expansions of them real

numbers Say

Uli 19Mt O di didis



Now we construct a number

D 0.8 8,8

by defining diio.si

si di.tt
it dI
di 9,5 0

Notice St Uli for any i by construction hence
4 can not be bijective D

Since the reals are a disjoint union of nationals
and irrationals and the nationals are countable
the irrationals must be uncountable

We'll end with a word on language and statements

of a few properties about cardinality which we

won't prove here for the sake of time butwhich are shorn in
your textbook

We will adopt the convention that calling



a set countable means it is either finite
or countably infinite

The
Every subset of a countable set is
countable

Every interval laid or laid or laid or Laid
contains uncountably irrational numbers and

countably many
rational numbers



 

Lectureob Sequences PTI
Many objects and properties will care about
later in the semester can be defined in

terms of sequences So here we collect some
basic definitions regarding sequences

In general given any set
S a

sequence
ofelementsof s is just a function x N S

Often we think of a
sequence

as an infinite
list and this is related to our definition by
taking the first element of the list tobe xN the secondelementto be XD and
so on

Often when x is a
sequence we write xn xW

Sometimes a sequence is defined by an

expression

7 a n

This is really short hand for
x IN Q 1a N IRI
x ul

2



More generally we could consider functionswhose
domain is

Z7zm mtn n CNo m Hintz

for some integer n E
g 2723 13,45 3

or 272 y 7 6 5 3

It doesn't really matter if our sequence
has domain IN n INO n 27rem they're all

countably infinite sets with an initial element

2 for 1N 0 for No m for Izu and a

notionof the next or successor element

Every sequence x 272m35 can be re interpreted
as a

sequence X IN
S by defining

x In x n n 1

Because it doesn't really matter whether our

domain is IN or 27rem we'll usually just
assume it's IN but an odd occasion Izu might
be more convenient



When defining a sequence we often like to
have an explicit expression which tells us

how to compute the nth element e
g

xi IIIT.in or Has

Sometimes though we
may define

some elements

in terms of other elements such as

X L

inn Xm for n't

In the last case we say our sequence is

defined recursively or by a recurrennequation
Notice when

giving such a sequence we need
to explicitly give a few values Insually at the
beginning of the sequence

otherwise our recursive

computation would go on forever

There are several bits of vocabulary we have

for the different types of sequences we'll consider
We
say a sequence of real numbers xn is



boundedahoe if there exists an M such

that x EM for every n

boundedbetoe if there exists an m such that

xien for every n

bounded if it is both bounded above andbounded below I e then exist in M such that
m ExnEM for every n

increasing if Xue Xu for every n

decreasing if xiex for every n

Notice that our definitions of increasing and

decreasing allow for equality As a
consequence

any
constant

sequence is both increasing and

decreasing If we do not want to
allow different terms of our sequence tobe equal we'll use the terms strictly
increasing and strictly decreasing

A
sequence is striettyincreasing if Mxn

for every n

a
sequence

is stuittydecreasing ifxnxx.fmevery n



Sometimes we will earn that a
sequence

is increasing or decreasing but not care

which one it is andhere we use the
term monotonic

A
sequence is monotone if it is

increasing or decreasing
A
sequence

is striettymonotonic if it is

strictly increasing or strictly decreasing

Sequences naturally arise in calculus through
approximations For example the area under
a graph y fled for

a Exeb is approximated

by considering a Riemann sum giving the
areas of rectangles which fit into that

region We get better approximations by
using more and more rectangles and so are

lead to the sequence of successive approximations

E
g the area under y it over is on

the x axis is approximated using in rectangles

by
q c in SEE



We are thus lead to the sequence
2ns t Gi t n n

ai Ti

Xi oven winrectangles

Of course what we'd like to do is see

what happens as we use more and more and more

rectangles ie what happens as we go really
really really far out into the sequence Nandy
do the element of our sequence approach any
particular rake

This leads us to consider the limit of
a
sequence

We
say

a real number L is the limit
of a sequence of real numbers Xn if
for every e 0 there exists a number N

such that the LYE for all n N We then
write Lisa Xi L and also say Xu converge



to L This is also sometimes written xn L

The idea in this definition is that the
elements of xn get as close to L as

you'd like this is what the E measures and

you stay that close to L provided you
go far enough out into the sequence The
N tells us howfar we have to go out
into the sequence

Before seeing an example of using this
definition it might be helpful to consider
a non example

See what would it mean

if anti This would mean there's some

Eso such that for every choice of nthere exists an inn with la th e

That is no matter howfar we
go

in

the sequence
there are still going to be

elements which aren't whir E distance of L



For example consider the sequence Xu I Let's
show this sequence doesnt converge to L If
it did then for every e o we couldfind a

N such that 12 Hee for all MN However

if we take e E notice that for all n

n 23 we have u Is In
EE I I Is El I

Il Il I I I I I E

si

so

Thus anti note to self example
feelersfirst

As a more interesting example consider the

sequence
xn I

Let's show that this sequence converges to Ys
To do this we need to show that for
every

C 0 there exists an N 0 such that

if u N then I Hee



I claim taking N
5

will work we'll

see where this expression came from shoetty

Let e o be gina take
N

5
w

ft n N Natin

n N
es n

597
9

522 52 3

guts Ie
e guts a

3nt6 3

Guts

Gift 9 3

3 s

I

I
5
s's

Thus 15 Hee provided n N 55
and so 37 I



Of course the question you should ask yourself5 3L
now is where I came from The cane

from reverse engineering the problem we start

with what we want to end up with 15 Ike
and work our

way
backwards to see what

this would require of ni

n 2
T se

htt Is L E

Z 2 35 see

3ut6
9n t 3

6 i
LE

5 cc

52 c 9nt3
Ie 3L 9
532 9a
5 32
Te cu



Notice the steps in our pg 2 alone

basically consistedof these steps in reverse

As another example let's show I o We

want to show for every e so there exists an

N such that if n N then K ol e

First note our goal K Oke is equivalent
to the which is equivalent to Ken The
Archimedeanproperty promises vs there is an integer

N so that Nest If we take n N the
n ES NE I In LE

Sie th 0

A very similar computation can show for
example In 0 as well and will be

left as an exercise

For a more interesting example let's show K 2 l

We want to show for every Go there exists an

N o such that Yee for every u N

Let's again reverse engineer the problem



y if I Th ee
n n

hit 2 uh I

Face

2 t

te L n't 2
T Z L n

Now it's tempting to route us

but we have a problem what if I 2 is

negative We can fix this be defining N

piecewise
µ Spiff if I 2

I otherwise

Notice in the latter case we'd have for n N

f n I o te 2

Now we can complete our pgof l

Let Eu be given
and take

N if I 2

I otherwise



Let n N If e Ee ther n 1 so

n n I o te 2 If I 2 then
is defined and n N implies n E z

That is for all e our choice of N guarantees
n's te 2 for u N Thus

n s z Z

n 27 I
CE

2 I
e e

n Z y I
c e

i III ee

y Yee
When the last step follow from

u t l L n't Z

I th
Tt l

n't l
Tt I co

11 il Citta n I 1



Thus l

In principle we can always use this found a

definition to justify why the limit of a

sequence
in the value we expect it to be

but in practice it's rather tedious Thus
it would be convenient to build up some
theory that removed the burden of usingthis definition directly at least some of the
time

First let's establish some basic properties of
sequences and their limits

Then

Every increasing sequence boundedabove converges
A
Suppose Xu is an increasing sequence bounded
above Notice the set 5 xdnews is bounded

above so by the completeness axiom has a

supremum call it on We claim x o

For every n not ten ol o xn sine

a is on upperbow for the sets above



Let E o be given From an exercise

Problem 6 on Homework 2 we know that
since a is a

supremum
there exists an

SEExuluews such that sso e Note

S o E

s L e o

O s L Ot E o C

But 5 xn for some N If u N

ther xn xn because the sequence
is

increasing so for all n N we have

Xu Xu
This is o se l

atone

o x co Xu LE

to take

Hence Xu O sup x l news D

The
Every decreasing sequence

bounded below converges

Pf
Homework



As a sort of partial converse we have the
following statement

The
Every convergent sequence is bounded

The key ingredient in proving this
theorem is

the observation that a convergent sequence must

be eventially bounded almost by definition sincethe sequence eventually must live in the
interval LL e Lte for every so if the
limit is L There's some cutoff N such

that for xn with u N the sequence inn

is bounded above by Lte w belowby
L E But notice there are only finitelymany
elements that come before N and any
finite set is necessarily bounded clouded
above by the maximum element and bounded

below by the minimum elements

a more detailed proof starts a
pg

54of
Gordon



With our definition of the limit of a

sequence
established we can now prove

a useful
theorem

from calculus

The
Suppose x W

ya are convergent sequences

of real numbers with x L W y m

kxu kL for any constant k
Xu tyu Ltm

Xu ya L M

Xny LM

In provided M 0 W mo ya equalszero
Pf
We'll only prove x ty HM The bookproves
xny LM the other properties willfollowfrom
them too

Let E 0 be given Since Xu L FN st

Ita LIL for u N and similarly FP st

lyn MILKfor nip Notice for all nsmaxlN.pl

IX ty Html la L ynMIE ten 4th Ml
Ek t 42 E D



xWe
say
the limit of a sequence doesnotexishIDNEL

if for every real number L xn 1L For example
Xi l IT does not converge to any real

number

As a special case we say in convergestoinfinity
denoted Xu no if for every Mek IN rt

Xn M for all n N

As an easy example consider Xi n Given

any
M we define

N 2 if MEI
5M if M

elf MH then for any u N we have n 2

so xu n 5 4 M If m l then

for u N we have n rn so

x n 7 TMT M

Henn n x



 

Leitun07 Sequenus.PT
Sometimes the algebraic manipulations required to show
a particular sequence converges using the Cdefinition
are difficult on non obvious In these cases it's

often convenient to replace our
sequence with

simpler ones The following theorem is often
useful in thin situation

The LSqueey theounlsandnrih
heounlclfxn.an.hnare sequences suck that
anexnebn for all sufficiently large n Cie
these inequalities may

not holdfor every n but

they do hold for all in for some Mand if an L W hid then x L too
p
Lt to be

gin
As a L there exists

on Nae smh that Ian 4hL for all u N

Similarly there exists an Nb smh that

Hillel for all u Ny Note we maywrite
them as

LL an LL L E an L.lt E

Ubu hee L E C bullet
Let N max ENa Ny Ms 1M as in the comment

in the statement of the themed Then



for all u N m have

L E L au E xn E L Lt E

Ix LILE D

For example consider

x
It
Gut 5

Notice l El N El hence

Zn I E Int CD E 2ut I

be

eE z

We can show 3 w both

agree.egge to 4 so by the squeeze them
t as well

It's tempting to suppose if xn is a convergent

sequence
w x af for all n then the



limit of xn call it L also satisfies up
but this isn't quite true For example
consider

Xi l to 0.999 9

or 9 s

Every xn satisfies xu4 yet the limit

actually equals 1 In general we have
the following

prop_
If Xu L W xip for all n ther

Lef
p
We show L can not be larger then p
If Lsp let e L p By assumption
a L so FN st la LILL for all u N

As p xn Itu Ll L xn so

I Xu Yee
L X L E

L xn L L p



nine p
xisp

But this contradicts our assumption xip.rs

The following Proposition is proved in almost

the same
way

Prof
If x L W xn d for all n the
L

Pf
Exercise D

As a corollary of the two proposition me home

E
If xn is a convergent sequence with

xn Ek for all n then the limit L

must occur in 2,43 The same conclusion

holds if Xue EdBJ ninth f in xn Ek D

The main takeaway from this corollary is that



when taking limits strict inequalities k w s

may fail to be strict 1theyget replaced byE or Z

Using the E definition of limit requires we

know what the limit of the sequence is supposedto be Often this is difficult and so we

want some other criteria that guarantee convergence
As we've seen an increasing respectively decreasing

sequence
which is bounded above treys boundedbelow

must converge But lots of sequences we

care about aren't monotonic so we need some

more general criteria A steppingstone in this
direction is a collection of theorems concerning
subsequences under some very general

condition

we can guarantee a sequence
has a convergent

subsequence and that suffices for many arguments
in analysis and related branchesof mathematics such
as dynamical systems and topology Before giving
these general criteria though let's be clear about
what a subsequence is

Let xn be any sequence of real numbers



and let ni beastuitty increasing sequence
of natural numbers Then Yui is a subsequence

of xn To be more precise let's interpret
these as functions Our first sequence xn

is really a function

x IN IR

stuity increasingthen we have a
sequence of natural numbers

n IN nlitisnli

The subsequence Xm is just the composition

xon.IN IR

Xm Xlnlill

For example if a 7 w ni i our

subsequence is

X ni
Etf
3ft

Us lists of numbers



a I t E E Fa t t

hi I 4 9 16 25

Xu Zi Es Es

That is Xm contains the 1st elementof xn
the 4th elementof xi the 9th elementof xi
and so on

Let's notice that even if a
sequence doesn't

have a limit it
may

have a subsequence
which does

converge For instance consider

Xu L 15

hi Zi

ther

Xu C D

So X 1,1 I l l l l which does not

converge but our subsequence Xu 111,1



does
converge If our original sequence a

dog converge
however then all subsequences

must converge to the same limit

The
elf L then xn.pl as well for
every subsequence Kui

Pf
Let C o be given

As xn L TN

st 1 44 for all n N As ni is

a strictly increasing seq of pos integers FI

St MTN for all i I Hence Hui 4cL

for all i I D

G

If Xu has subsequences which converge to

different values knish and
xng

M with Lim

then xn does not converge

We ultimately want to show that every
bounded

sequence has a convergent subsequence
Since

every bounded monotonic sequence converges
it would suffice to show every 1bounded



sequence has a monotonic subsequence but we

can actually prove something stronger

Thun

Ivery sequence has a monotonic subsequence

The idea of the proof will be to construct
a decreasing subsequence and if we can t

we'll see there must be an increasing
subsequence

To begin let's define n to be
the smallest value of n.HN such that
there exists if many min with xn Xm

Then define n to be the smallest
n n smh that there exists if may mine
such that Xu xixm In general we

continue to define her as the least integer
in such that naum and smh that
there exist if may ar m inn with Xun Xun Xm

If we can do this forever generating an

infinite list ninini then by definition



we have a decreasing subsequence

Xu Xu Xing

If we can't do this forever then our list
is finite Pick any m larger then the
last nh la mi if our list was empty

Notice there are only finitelymany xp with
pm but Xpaxm Iotherwise our un list
would have included nd Let me be the
least integer man where there exist if
many Xp rt Xp Xm Xm In general
we define Xmn to be the least integer
h mm st 7 inf may p urn with

Xp XmµZXmh Then Xm E Xm Xm E is

our incr subsey

Theound

Every bounded seq has a convergent subsequence

Pf
in bounded seq has a monotonic subsequence

which is inherently also bounded so converges D



So when a sequence is
bounded it must have

a convergent subsequence if the sequence convergesthem all subsequences share a common limit
but what happens for bounded sequences that
don't converge what can we say

about the possible
limits of subsequences

To study this we'll introduce two new

concepts Given any sequence in we can

associate two particular sequences that we can

think of as the subsequences of largest and
smallest elements though there may

not actually
be subsequences of xD

We'll define a sequence Ln as

Yi su u Xan Xan I

w n sequence wn as

w n inf Wr Wwa War 3

Notice the Ln sequence only makes sense if



xn is bounded above and ur onlymakes sense

if xn is banded below

8 consider the
sequence

Xn 2 t

which has entries

2 T 2 4 2 4 27 2 to 2 7
or simply

zz I t t

Which we'll visualize as

f
Let's note the inn sequence is

2T 2 t's 2 t'T 2 4



and the w sequence is

2 E 2 Y 2 To 2 Is

Let's notice these sequences are both monotonic

Lemmy
Let x be a bounded

sequence
and on on

the sequences 2n sup xn klkERzo3
wa if Xu a k 27203 Then Lu is decreasing
and con is increasing
P
We'll prove

4 is decreasing and leave the

proof that con is increasing as an exercise

Notice for all man

xn 2 xnxx.inI
In in



Thus
every upper hand of Eu is an upper

board of se supEn is on
upperbound

for Itn andso supEn is no largerthan sup n

hence his dm is

If xn is bounded then the above lemma
tells us that an w w must converge Their
limits have special names the taint of
Ln is called the limitsuperior Cor just tim sup l
of X W denoted III xi the limit of
w is the limitinferi for tin ing't of x
W denoted in xn

For our xu 2 sequence
above we have

liefjP III xn 2

In general we have thefollowing

The
A sequence xn converges to L iff the
timing and limsupof x converge

to L



Pf
Suppose Xu L Then too 3N set Ix 4cL

for all n N That is L EC x cute for
all u N Hence 2N suphxn xn 3 EHL

www.inflxuN.xnn L e for all u N

We may
write this as

4N Elt E 2N LEE

Ww2 L E on LZ L un EE

As this holdsfor all 40 Ifor sufficiently large
N we have f L W Lcow converge b O

se DN w un converge to L

The converse will be left as an excuse D



 
LectureO8 CanchySequences
We finish up our discussionof sequences by
discussing a special type of sequencewhich is

closely related to the definitionof convergence
of a sequence and outlining how these sequences
can be used to define the real numbers

constructively

First though recall that our definition of
convergence of a sequence can be difficult to use

because it requires us to know the limit

of the sequence In some special cases we

have some theorems that allow us to sidestep
this issue but those are usually very taut
cases Ey convergence of a bounded monotonic sequence
What we will describe now is something that
is equivalent to convergence but doesn't require
us to know the limit

We
say that

a
sequence inn is a Cauchy

sequence if for every ero there exists an

N such that for every min N we have
him Me



That is if a
sequence

is Cauchy all its
terms eventuallyget close to one another

E.g the sequence

Ntl
X Za 3

is Cauchy To see this we need to produce
an N o so that for a given e o 2 42

for all ma N We claim taking N 57T works
Let

him N SIT
Now notice

III 5

f Ext h

f 4th 1



Y Y I I

y It I I
5

14761
t

5

14n 61

L 5

It 14771

101415 34226
2

1
20 E

120 112E 122 I

E

The important thing about a Candy sequence is
the following



Ttm
A
sequenceof real numbers x converges iff

it is Candy

Pf
Suppose x L Thu for every e o there exists
an N such that Ix LICK for all user

Let m w n both begreater than this N

Then

Xin xD la LTL xn

Elan 4th 4
L 4 the

Thus our convergent sequence xn is Cauchy

Now
suppose xn is a Cauchy sequence

Notice there exists an N smh that lxm x.lu

for all mm N Thus

Hua XI LI
l L Xm tall

Xm I c Xu L int t

It 1 LXu L Xun t 1

for all u N This implies the sequence is



founded above by wax x m Xn FB ad

bounded belowby min x ix xn Xm 13 Hence

the liming and tinny of the sequence exist
We claim they are equal If not say

KIF xn IIF c

But there's an N st.lxn x.ch for all men
Note though i Esu

M

l in
inflx.luet

III x I xn

E suplx.fmN inflatesN
tea

and this is a contradiction so EET xn KEYxn and
the limit of the sequence exists o

Duestionfortheclass
If a

sequence has the property that for
every

Cio FN st lxnn x.ve for all n N

does that mean x is Cauchy I e

if the difference of successive terms goes
to zero does that mean the sequence is

Cauchy



Your first thought might be yes but

you have to compare
a term to all

remaining terns to be Cauchy So for
example Xutz and Xu may be as large as 2C

as

Xu Xu Kun Xun t Xun Xu

E Xun Kulthum xn

Ct 22

Similarly Huts xd LSE Ix h xtc ke
Se as we look further out into the

sequence the distances could be getting

large

To be a bit more concrete consider the

sequence
Xu th It t t t In

Notice

lxnti xnt IEE.tk I.tn It

Thus Ian int O However the xn's are the

partial sums of the harmonic series so they



diverge and so xu is not Cauchy

Given the previous result the following
may be surprising

Lemmy
Let be a sequence of real numbers
such that there exists an M so that

for all n M lxnn xu.KZ John Xu is

Cauchy
PF
We want to show that for every so

there is an N such that lxn x.ve

for all mm N So let c o be given
By the Archimedean property there is

an integer N such that KI e

Really the Archimedes property tells us

7k st like but we'll just replace that k
by a larger power of 2 and write that

power of 2 on 2 Making N larger if
necessary we may suppose N

M Notice

2 4

Now consider two minsN Suppose without



loss of generality that m n If m n

ther Xm xn see him xd o E So one of
m n n is larger and we'll just suppose it m

Let l m n so m ntl Then

lxm xntlxn.ee xd

IXute inte t Xute e Xn

I Xute Xu te t Xute Xue r t Xue z Xn

Xue Xu e i t Xnie i xn e e tNutea Xueest
t Xn Xn

flute xnte.lt xnte i xn e lt tlxu xd

2
t
2

t
2

t t
2

pull
the

geometrize

qq.si

In sett it

s EE
i

In



Lz 2 fiji 22

2
LE D

Sa having successive terms go to zero in general
doesn't imply a sequence is Cauchy unless the
differences shrink to zero quickly

Questimferstudents
The ten in the lemma above isn't magical
What other values wouldgive the same

result

T the sequence he
2
317 in

candy

Note

FEET E
a I

L IT



So the sequence is Cauchy by our earlier
lemma D

We are now finally able to give a construction

of the real numbers Let C be the set

of all Candy sequences of rational numbers
We then place an equivalence relation on e

by declaring the lyin if the limit

of their differences Keelin yd is zero Write

xD for the equivalence class containing a

Candy sequence of nationals xn We then
define IR to be the setof equivalence classesChe For time we won't go over the details
but to show this agrees with our earlier

definition we need to show Clu is an

ordered field satisfying the completeness axiom
This requires we

Define addition and multiplication on eh

Verify that these operations satisfy the

field axioms
3 Define a total order on Clu
4 Verify El is an ordered field within ordering
5 Show the completeness axiom holds



Doing allof this is rather tedious so we'll

just define the operations and ordering and leave

the other parts as an loptuinal exercise

We define Existlyd as simply the equivalence
class of the sequence xiyu µ where ya are

representatives of kings Note the pointwise sum

of two Country sequences in Cauchy homework problems
and this is a welldefined operation if xi yi
are two other representatives of our equivalence
classes then Xu xi o W yu yi o so

lxutyd lxity.nl x yu xi yi
Xu xi t yu yi
0 to D

Thus choosing different representatives of the
equivalence class does not affect the equivalence
class of Existlyis

Multiplication is defined similarly
xD.ly it xn yd

and is also well defined



xnyn xiyi xnyn xnyitxnyi xiyi

xnlyn yu.lt yi Lin xi
O t 0 0

Finally we write Exisayis if there exists
an N st for all u N XuLyn Equiv yu xu 0

for all n N

Finally we end our discussionof sequences by
mentioning one importantproperty

Fhm
pair ofLet an.hn be ausequences of real members

such that for every min we have ameba and

an is increasing while bn is decreasing

Then

anbd caybdncai.br
h a b n

to

Pf
Notice

every au Eb so an is an increasing



sequence
bounded above

say a Essa Similarly
bn is a decreasing sequence

boundedbelow say
b uh's.ba We claim a Eb If not
so a b then let e a b o As a a

W bn b there exists an N such that

la all 42 and

Ibn b 142

for all n N There
may be different N's

for the a
sequence

and b
sequence but

we'll just take the maximum of these two
values Since an increases and bur decreases

a an w bCbn Thus when Ibn b 242
we have

bu b L Elz

bulb t 42

Similarly an a But a b E so

a _btE and

an a Ez b t E E bt E bn
and this contradicts our assumption
each an Ebm



 

LectureoaLeinitsofFunctions
We now turn our attention from discussing
limits of sequences to limits of functions
although we'll see there is a relationship
between these two types of limits

Intuitively we say the
limit of a function

fLd as x approaches a equals L if the
outputsof the function get really reallyclose to L as the inputs to the function
get really really close to a We make
this notion precise as follows

The
limitoffHasxapproachesainequaltdenoted Fsatext L

if for every Go there exists a S o

such that Hkd Uk for all x

satisfying 04 x alls

That is the output fix is guaranteed to
be within E distance of L provided
the input x is within 8distance of a

but not necessarily equal to a



We will show 153 2 7 13 Let E o

be given
and take 8 42 Now

suppose
x satisfies 021 348 We then have

04 3128
1 31242
21 31 LE

12 61 LE
12 7 131hL

Of course the appropriate S for this
example was found by reverse engineering the
problem I e we start from the descried
conclusion 12 1 7 BILL and work backwards
to see what condition on Ix 31 would imply
this result

I 2 7 13hL
I 2x ALE
21 31 LE

1 31442



For linear functions this process is easy
and

straightforward butfor otherfunctions the
algebra may be more involved

he
Determine the 8 necessary for showingfigs 35 5 17

We again work backwards starting from
13 2 5 TILL
13 2 TALE
3 t 4 LE

W 4h43
1 211 21443

Now our goal is to isolate 1 4 on one

side of the inequality Here we cantt

just divide by htt w declare S 5
The reason we cannot do this is slightly
subtle In our definition we have an

ordering ofwhen different quantities are determined

We begin with an ero



We then determine a 8 Since S is determined

after E S
may depend on e

We then consider all x such that o4x ales

That is x is chosenafter 8 so s

does not depend on x But instead the
choice of allowable is depends on 8

So x depends on 8 but 8 does not depend
on x We care that 1 21 appears on the

right hand side of the inequality above though

Let's notice that eventually we'll have laws
We can use this to help us understand lxth

Ix 2 LS

SL x 2 LS
2 S Lx L 2 8

y SL x 2 CYts

Thus if we knew SH for example we'd
have

3 C 4 S L Xt r c 47815



So as long as we guarantee set we

may suppose 34 2 5 Since theses values

are positive we have 3 1 215 Continuing our

work from above if 1 21 5 then

Ix211 121251 4
So it suffices to show 51 4 CE 1 4

Thus we should take S but we must also

be sure 841 to use our reasoning above We

may
then use 8 mint 13 Now we proceed

with proof

Let E o be gun take 8
mint 13 Suppose

0L 1 21 CS Thun as SEI mate 34 21 5 as

Ix 2128 El

l Lx 221
3 L x 2 L 5

Hence

1 21 8
Ix 214 21281 21



Ix 4 L Fs 1 42 Fs 5 Es

3 e He
13 2 121cL
13 2 5 TILL

Hence 52 35 5 17

We can relate limit of function to limits
of sequences via

Theorem

F limit of Axl as x approaches a equals
L iff for every sequence xn contained
in the domain of f w not containg a lie

Kita for any u such that a we

have the sequence
flu L

H
Suppose 5.74 L Then Foots o st och alls

Hkd 429 Lt e o be grin
and

suppose x a

It 8 be as in the olefin of kinthis L Let

N be such that the ales for all n N
Then note for all n N we also have 1742 44



The other partof the iff statement is

from in Gordon then 3.2 on grey 85 D

Cos

If Xu Xi ane sequences which both converge
to a neitherof which contain a w both
are in the domain of f with flat L w

f lxi M Ltd the tea fix DNE D

The function

f hi
fly if a Q
l if xEtRQ

does not have a limit at any point

Of course you also know that in calculus
we are sometimes interested in one sided
limits Before giving an e s definition for
onesided limits let's notice that the fact
from cale L that Lisa flat Fda fix implies
tisaffi does not exist can be interpreted



in terms of the above corollary Namely

if Xu increases to a Flint converges to the

lefthand limit and if xn decreases to
a then fled converges to the right handlimit Hence if these values differ the
corollary tells us the limit does not exist

The E S definition of the one sided limits
are

We write xhisatfixt L if for every ero

there exists a Sro suck that Hla Ice

for all x satisfying octavo
We write kina fix L if for every ero
there exists a 80 such that Ifla Hee

for all x satisfying Oca xes

Notice these definitions are exactly like
the definition of the normal two sided
limit but we only are concerned with x a

for the right hand limit and ma for
the lefthand limit

Ez



Show 55 Is O

We again reverse engineer the problem

Tfs ove
race
x 325

So our proof works asfollows
Let no be given and let s e

If 0L x 3 8 the

X 3 LS
x 3L

Es CE

HE one

Just as we can interpret the normal

two sided limit in terms of sequences we

can do something similar for one sided limits

The
The righthand limit of FCA as



x approaches a from the right exists W
equals L if and only if for all sequences
Xn which decrease to a land where each xu
is in the domainof FH od mo xn equals a

we have f xD L

The left hand limit of FCA as

x approaches a from the left exists W
equals L if and only if for all sequences
Xn which increase to a land where each xu
is in the domainof FH od mo xn equals a

we have f xD L

Hawise

Sometimes working directly with the C s

definitions is difficult or at least tedious so

we may wish to have some theorems that
can help us side step the definition The

following is an exampleof such a theorem

The Sandwich Squeeze Theorem

Suppose flxhglxl.UA are three functions suck
that Lld Egldthld for all x mean a



I.e there exists some internal Xp containing
a where the inequalities hold elfIii Hx l Italia then xhsiglxt

L.PL
Let xn be any sequence such that x a

Then Flint and hu converge to L W

for all sufficiently large n tha Egcxdehlxi
Hence by the sandwich theorem for sequences
glad L as well The sequence xu a was

arbitrary so glxu L for all sequences xn
converging to a so tf glad L is

Shar t.si TI o

Notice in Li tx th
x2

t
I

I
x

X Li I

Lx
X t X th

Ake note OE x so OE xI i Ex



Sinn Kin t o Let e o begiven take 8 Te so

OLxes acre i hiked the sandwichtheorem

tells us tho III o

We end our discussion of limits offunctions
by defining what it means to say

kinated no

We write Lisa fhi x if for every M o there
exists a 8 0 such that fix u for all
satisfying o4x alls

Eof
Show t.in'T no

We work backwards to find 8

Tx M Questionfor
students

what if Mao Then

I Mf Tn x is false
tix why is this not a
a Ipf problem

Let M be given If Meo then take 8 1
and notefor04 428 707 M



If m o take 8 Fm Fhm for all x satisfying
04 0128 we have

hills
hair
ruin
ironic T
ma



 
Lecturelo Continuity
At the start of the semester we said that
real analysis was the study of nice functions

of a real variable Today we introduce
our first nice property which is continuity

The intuitive behind behind continuity is

simply that small changes to the input
of the function should result in small

changes to the output I e the function
does not instantaneously change from one

valve to the next but must change gradually
this is codified by the intermediate value
theorem which we'll see shortly Put
another

way if f a L thnx values mean

a should produce FIN values near L We
make this idea precise as follows

A function fIx is said to be continuous

ata if a is in the domainof f
and for every Go there exists a 8 o

smh that Ift flake for all x

satisfying Ix alls



Notice this is really just saying
xhisathi flat

Thus we could alternatively define continuity off at a as the three following condition's

being satisfied
a is in the domain of FLimited exists and
fifth flat

he
If flak is a constantfunction then
Ftl is continuous at

every
valueof a

Let E 0 be given
Let 8 1 Note

for all x satisfying Ix ales we have
f x k fCa so 174 flax Ole

If fH x is the identity function then
741 is continuous at every value of a

Let Go begiven
and take 5 e Then

if Ix alls we have

Ith flax Tx alls E

Though these two functions above seem trivial

they will turn out to be invaluable as we



see these two simple functions will

form building blocks for much more interesting
functions

Notice a function may fail to be continuousat a point in three different ways
the function may

not be defined at a

the limit of the function may not exist
the value of the function may not equalthe value of the limit

The functions t.hn fix and fix below
exhibit each of these failures

n

f 13 47 if no

if x'O 0

is undefined at 0 so not continuous
at zero n

Fix if x o

1 if x o

is defined at 0 but the limit
does not exist
fix Six if xto

if O



is defined at 0 and the limit
exists but these values are not equal

When
you first learn about continuity in

calculus most of the discontinuous functions

you
encounter are continuous everywhere except

at a few isolated points but more exotic
things can happen

For instance the function

f H
fly if xE Q
h
if xtRQ

is not continuous at
any point sincethe limit Lisa fla does not exist for any

choice of a

The function

fHi

µ if xEQ

X if XEROX



is continuous at 0 but nowhere else

Continuityatoletto be given
w let S E

Nate if Ix oks then

Ifta 01 17171 11 1 1 45 E

Continuitynowhereelselet
a o Let Xu be a

sequence of
rational numbers converging to a w xi

a
sequence of irrationals converging to a

Then flxu xn a but fix xi a

Hence LEEfled DNE

If a function is continuous at everypoint
in its domain then we simply say the
function is continuous Given an interval IER

we say f x is continuous out if it is

continuous at every point of I

Notice this ktx is not continuous at 0 and flax are
Yn is continuous on 0,11 continuous

Tx is not continuous on C1,13
Ix is continuous



One of the nice things about continuous
functions is that we can combine them together
in various ways to get new continuous

functions

The
Suppose Flx and glad wee continuous at a

Then so are f x glx fhigh and tg provided

gCalto

Let be any sequence converging
b a

Then xD Has w ga eyed so by
our theorems of limits of sequences
f xn glut thigh
Flat gu FA ga
thing xn fledged
Hg i tga provided no Xia w gu 0 is

Coy
If f x glx are continuous an I or

simply
continious everywhere in their domains

so are flat glx thigh tg is



As a consequence notice that polynomials and
national functions are continuous Proving other

functions we know and love and continuous is
a bit trickier

The
sink is continuous

P
We
peed

to first assemble afewfacts aboutsinus
Note for every x we have lsinlxXHx This

follows from the geometric definitionof sinks

costsink

In particular as the highlighted one of the
circle above has length x we see sinks c x

for all xE 0 EI Since l W sinks

for all this shows sinks c x for all xzo

By symmetry IsinkX EH for xttE.es and

since L l but sink 1 for all we



have lsinlxkl.IN for all xco Together
with sin1 1 Ex far all x o the establishes

Isinkilthil fer all x

Now recall the angle scum and difference formulas
for sink First consider the sum identity

sinkxp sink coslptsinlpc.sk

We
prove this by considering

last
Thu sink f Tis Wecaputthis by amending our

firm

1
Q



Now note IQsf Hutt lust NTI lust so

sin atp Y
lust
IPS

TEST Test YET

Teifi 7 i
sin d cosp t costa sin p

Now note

sink f sin at C f I
sin a costp t sint B cos d

since cos x is an even function cosCP cosIp but
sink is an oddfunction so sin l B sin p and the
above becomes

sink f sin d cosp sin f costa

Now note for any x y we may write

x y



and using the identities above
may

write

sin x sin4 sin txt sin Et
sin 7 cost t sin eosHr Isin1 cost a.int cosEID

sinfIt7osEI tsinlH eosl t tsinl cost

2 sin 1 eos

Finally we'll put all of this together to
show sin1 1 is continuous at every real number

Let AER be
any real number and let c 0 be

given We let 8 E and note if Ix ales ther

Isin x sin a 1 12sin 1 7 cost Y
E 2 sin as least El

E 2 2 this is 4inCHEWfor all

Ix al is E D



 

Leiturell ConsequencesofContinuityisBascitopologeicateldeas
Onie we know a function 741 is continuous
several nice properties immediatelyfollow Here
we'll mention two particular properties both of
which you saw in first semester calculus and
both of which require the completeness axiom

The first property the Intermediate Value Theorem

essentially tells us that continuous functions
can't skip over values fat least as long
as their domain is an interval

The IntermediateVaheTheerenly
Suppose Fla is continuous on an interval
aid where flat A and fibs B
Then for any C c mintA B maxLA.BY there
is some celais so that f Id C

Pf
Suppose ALB and define F xelaidfcxsc.is
As Ac CCB there exists some Go suck

that A Ecc ad B Eso Since xhidifixtA
and finished B there is a Sro suck that

0 ex ALS Ift Ake
0 Lb Ls HIM HE



This means 5 is not empty lit contains all

in la at 8 ad is bounded above by every
in lb six By the completeness axion

the
supremum of 5 exists Define E sups

We need to show fles C Letting c be
a
sequence in S converging

to c continuity
tells us fled Fld As every fluke
f Htc too Define dn a It Note
each du Claid at du is not in 5 since

each disc but c sups By the definition
of 5 this means f disc Since du converges
to c w f is continuous this means

Flac

The proof when ASD is similar and the
statement is trivial if A B is

The other main property we will prove is that

if a function is continuous on a closed bounded

interval then it has a globalmaximum and

minimum on that interval

Here we will deviate from Gordon by introducing



some topological ideas Doing this will allow us

to give proofs that hold more generally and after
introducing the basic language and ideas some proofs
will also become simpler

To begin we will define an Ebae around a

point XER for e o as the set

Bela YER Ix yke

That is Beli consists of the points which
are E close to x Notice Belx x e xtc

We will say a set UHR is ope if
for every point xeU there exists an e o

such that Belt EU

For example every open interval is open

If U laid for xeU consider Bdx where
zmin lb H Ix al

If U la 7 take E thx at

If U I x b take E Hb xl

If U I no 1
any

E o suffices



The empty set is vacuously open

Then

Any union of open sets is open
Let Ui ie't be any collection of open
subsets of IR and consider U Yee Ui Then

for any XEU xeUi for some Ui Hence

by armystin Zero rt Bela c Ui no

Belt C U rs

See sets which are built from unioning up
open sets like L X ol uLo D or L 2,304,91043 x

are also open In fact this is theonly
way we can obtain open sets

The

Every open set in IR is a union of open
intervals
p

FY U is an open set then by definition
for each XEU FE o rt Beth C U This

charges depending on the x c U under



consideration so we should think of c as

a function of x Cla Then we claim

U U
xeu
BE X

u Be x EU is clear as each Be x C U

U C
uBeµtx as for each x.EU we

have x E Bu th w x
u
Ben Ix D

A closedsubset of IR is the complementof an
open subset Notice

every closed interval
is a

closed set

a b 4 x a u lb 35

RY x a ulb 3

a a C as a
x b lb d

a a a f x a ula 35



Notice that since 4 is open its complaint R t id

is closed Similarly to 7 is open so 01 is closed

That is IR w f are both open and closed
Sometimes such sets are called dope

Ihm
Every intersection of closed sets is closed

Pf
Exercise use De Morgan's laws rs

So open sets are preserved under all unions

finite countable and uncountable and closed sets

are similarly preserved under all intersection But

what about intersections of open sets and unions

of closed sets

It is possible to take an intersection of opensets and get a closed set

th.lt a to D

However this does require we take an intersectin

of infinitelymany open sets



The
A finite intersection of open sets is open

Pf
U Uh nun If xeU then
XE Ui i l u Three F E st Beilx C Ui
Let E min E Ed Note EE Ei for each
e so Belt C Bein for each 2 hence

Bela Elli for each i so Betide Ui D

Cee
A finite union of closedsets is closed
Pf
Exercise use DeMorgan's laws D

Open sets are closely related to the idea of
continuity To see this we need to recall some

basic facts about preimages

Recall that if 4 X Y is a
map between sets

and WEX then the singe of W under 4 is

41W 4MW EW



If ZEY the preimage of Z under 9 is

4 Z x 4 41 7 e Z

w
41W

air

4 la

Notice
preimages preserve

unions 9 Zizi
4 Z u 4 Edi

4 Z uZd xEX 4 x C Z uh

xeX 4lx EZBu xeX 4lx EZ1

4 Z u 4 z

Ttm
function f X IR is continuous iff the

preimage of every open set is open



preemage of every pen open

Pf
Suppose for every open HER f U is open
We must show for every aEX W every
Go Is set Ifk fCake for all x satisfying

Ix ales Notice that BelflaD is an

open subset of IR By assumption its peeing
F Beecham is open Not a is

an element of this preinage hence there is

some 870 st 13gal is contained in the

preimage That is FCBglad e Betta
But this exactly means if xe Ca S ats

then f x C Fca e fCastes i e Ix ales implies
1711 fake
Now

suppose
f i continuous at every aEX

Let HER be
open We want to show F lui

is open Let a C f U see f a EU Hence

for some E o BelfcaDEU Since F is

continuous at a IS st Ix aks implies
1717 fCastle This exactly means f BglaDEBelfcate
Thus Bg a CFINI This is true for all at FIU
so F U is

open D

Since the atom theorem was iff we can use

this as the definitionof a continuous map FR IR



is continuous if for every gun UER the preimage
f Ul is open

One of the nice properties of continuous maps
is that they will be guaranteed to have
maxima and minime if we restrict them to
a certain typeof domain

We say
a subset KER is compact

if every sequence in which only contains
elements of K has a subsequence which converges
to an element of K The Bolzano Weierstrass
theorem told us that if a sequence is bounded
it has a convergent subsequence so it shouldn't
be too surprising

that boundedness is a necessary
condition for compactness To be more precise
we should carefully define what it means for
a general subset SER to be bounded

We
say

SEIR is bounded if there exists
an MER such that 1stM for all SES IfS ismot bounded then for every MER
there exists an stS with HSM



Eg 0,7 E 5,723 l T et are all
bounded sets but C x o IN and Tulnews
are all unbounded

Lemmy

If K is compact the K is bounded

We'll prove the contrapositive if k is notbonded
then 1h is not compact ie there is a sequence
in K which does not converge So suppose
HER is not bounded Then for every new

there exists an Xueth st Hu This

gives an unbounded
sequence of elements in K

se x can not converge
D

Being bounded is not quite good enough to
be compact as the next example shows the
set 10,1 is bounded and the sequence Xi tn is
contained in the set White h x converges it

doesn't converge to an element of toil

To fix this we want to consider what elements

of R can be obtained as limits of sequences in SER



We call a point 0 HR an accumulatuinpoint
or a limitpoint of a set S if there is

a
sequence Sn contained in S with sn o Note

then accumulation points need not be elements of
S in general

Pnop_
A set SHR is closed if and only if it
contains all of its accumulation points
Pf
Suppose S is closed so its complement 5 is

open
We need to show 5 contains no accumulation

point of S If 0 is an accumulation pt
of S say sisonlevery sues then
VGo there exist su st to save This

means every
E ball around 0 contains elements

of S so 0 can not be in 5

Suppose S contains all its accumulation points

If X 45 then there's an cost no

element ses satisfies la de Otherwise

for every 170 Is C S wth doe Then
we could construct a seq of ettof S aay
Snes st Ix silk converging to x



But then x would be an accumulator point
of S and we have a contradiction since

xE5 W S contains all of its accumulation points
Thus there is an E ball around each xE5

contained in 5 so 5 is open D

Notice that a compact set must contain
all of its accumulation points otherwise a

sequence
contained in 1h could

converge to agty.seq.me

point outside of 1h and so all subsequences courage
to the point not ink contradicting that K
is compact Thus we have

Lemmy
A compact set must be closed

Of course combined with our earlier lemma

this means a compact set must be closed and
founded Moreover we have

The theineBoultheoceniaset KEIR is compact iff it is closed or

hounded



Pt
Above we've shown that compact sets are closed
and bounded so now we showthe converse

Suppose HEIR is closed and bounded Let Xu

be a sequence
contained in K Since 1h is

hounded the Bolzano Weierstrass theorem tells
us X has a convergent subsequence Xn

convergent
Since each ninth this subsequence is contained

in contained in 1h As th is closed it contains

all of its accumulationpoints so Xu must converge
to an element of K B

The Hime Borel theorem thus tells us

closed bounded intervals must be compact

Notice that open
and closed sets aren't nicely

behaved under continuous maps the image of
a open set may

be closed and the image of
a closed set may be open
The image of the open set 112 under the
continuous

map sink is the cloud set this
The image of the closed set R under
the continuousmap tailed is the open set l E.ES



However
compact sets are nicelybehaved

Then

The imageof a compact set under a continuous

map is compact

Pf
Let 1h be a compact set and f th IR

continuous Let yu be any sequence in

FLN We must show ya has a convergent

subsequence whose limit is in f K Let

Xuek be an ett suck that flat y
Since 1h is compact there is some convergent

subsequence Xu contained in K Say 2 Eh
in the limit of Kui By continuity

ynE f xn
7 Ftt C f ki e

It will turn out that intervals are also

nicely behaved under continuous maps

Lemmy

If I CIR is an interval w f I R is

continuous then FLI is also an interval
PftHomework



As a corollary we have that the image
of a closed bounded internal under a continuous

map is also a closed bounded interval and this

implies the following important result

ExtremevalueTheocent
A continuous function f defined on a closed

bounded interval I has a global maximum
and a global minimum

Pfphe
image f I is a closed bounded

internal
say

m MI Thus n CxkM for
all Furthermore 7 XmXm EI st f xd m

FlintM rs

At this point we are only saying that
a continuous function on a closed bounded interval
or more generally a compact domain must have
a global max and a global min and we arenot
presenting a method for computing those values



 

LeiturethUnifouncontinuityWe now briefly turn our attention to a special
family of continuous functions called uniformly
continuous To motivate why this will be
a useful and interesting property let's
consider the following problem Suppose SER
and F S IR is continuous Does there necessarily
exist a continuous function I R R so that
F 5 f we call F an extension of f

There are some easy examples
when such a

F does exist such as if 5 6,1 and

F IOM is simply flat I we could define
FLN i or

Fix try'o
I if I x

or several other possible extensions F

There are also functions for which we extension

exists such as 5 COM and f is R being
f txt'T There is no way

to extend this
to a continuous function Idefined at 0 exercise



See a better question is what conditions

on a continuous function f SAR will ensure

the existence of a continuous extension I R R

One condition depends on the set s

The thitzeertensiontheound
If S is a closed set then for every
continuous f is R there exists a continuous

extension FD R

Pf
One constructive proof will be outlined in
the homework We will also be able to
establish this result as a corollary of some
later work D

The Tietze extension theorem placed a condition

on the domain of f are there conditions

independent of the domain though

To answer this let's remark that in the
E S definition of continuity at a point



fH in continuous at a if for every
170 there exists a 8 0 such that

if leaks then Hui flake

the S described
may depend on both the

given
E and the value of a For example

if we were to show the function was

continuous at a point a 0 we'd do something

like the following for a given so we

wish to exhibit a 8 so that leaks implies
Tx take We would reverse engineer the

problem by starting with our desired conclusion
H tall w working backwards to find
the necessary 8 This would lead us to
the following

Ya take

loathe
Ix al
the

a

Supposing 8 must be less then 2 we could



use

E E
L XL

3

Now observe

Y k a a

a.az or

so it suffices to make less than E i e

Ix all ELI

So we'd take 8 Eat Notice this depends
on the point a under consideration

Intuitively the function 4 grows so quickly
near zero and

very slowly far away from 0

that we should expect s to be very small

for a 0 w
very large for a o

It's this fact that s depends on a that's
at the root of our trouble if we try



to extend a continuous function so we'd like
to avoid this when possible and when it is

possible we

say
our function is uniformly

continuous

More precisely we say
a function F S R is

uniformlycontinuous on S if for every Go

there exists a 50 such that for all xyes
we have that if Ix yks then HIA flike
Notice that this means f is contentious at

every point in s but moreover the S's

depend only on E W not on our points

As we've seen above is not uniformly
continuous on land It's worth pointing out

though that tx is uniformly continuous on any
laid not containing 0 Exercise

As an example of another function which is
uniformly continuous consider flxt s.mndefined on
the entire real line as can be seen from
our earlier proof that sink was continuous at

every point there we had that 8 e for each



point

As we will see uniformly continuous functions
always have continuous extensions

Then

If f S IR is uniformly continuous ons

then there exists a continuous I R R such

that Elif
p
For x.ES we define Flx fCd We must

define Ftd for xets Let xe5 We
consider two cases if X is an accumulation

point of S or not

Suppose x is an accumulation point of S
and let Xu be any sequence in S

converging
to x We want to show his.tw exists
and define Iki to be this value To

see existence of the limit we'll show
fkid is Candy Let E o be given Since
f is uniformly continuous there is a 870
so that if Ix yk8 then Ift tiptoe



Since Xu is a convergent sequence it is

Cauchy so there exists an Nst if
min N then him HLS Thus 171 1 71 114

for all mm N se 7 xn is Cauchy and

the limit this exists Notice the value

of this limit is independent of the sequence
X x we chose If Xi is another sequence

in S with x x then lxa xit.co
so there exists an N making Ix inks
for u N which means Ifl xD flanker so

Hin fi l o w Ks flat II f xi
We define Fkn Has

Suppose xe5 is not an accumulative point
of S Then there exists an

open interval

aides containing x Let Cl r be

the largest open intend containing x

which is contained in 5 We allow b x

and r x We consider several cases

If l W r are both real numbers
then l w r are both limit points
of S so Ill w Fh can be

defined as above Define F on le r



as

ftp TT fly 4 IT Hel

This is just the function whose graph
is the line segment through It flex and firm

If r no define Fln Fte for all x e

If b x define Fli Ft for all xlr

It remains to show F is continuous but
we'll leave this as an exercise is

The idea of the proof above is that
is f is uniformly continuous on S bad things
like vertical asymptotes can't happen so we

just continuously fill in the gaps in the

graph of 7 on s

n

o
Fcs

oo o



n

f y Fix

t

Now it can be difficult in general to show
a function is uniformly continuous which is

why we like results such as the following

The
Every continuous function on a compact
domain is uniformly

continuous

Before proving this it will be helpful to
prove one preliminary factoid

Thom
F Junction f STR in not uniformly continuous

iff Fa w a pair of sequences ayn
contained in S smh thot Ix yd 0 but
that FINE for all sufficiently large n

PF
Suppose IS R is not uniformly continuous



then Fe o smh that for all 8 0 there
exists xyes with Ix yks but Ift Hythe
Thus there exist x y so that lxiyl.cl
but 1711 ftp.lze Then also exist x ya
so lxe y.lk but 1714 ftp.xze and

Xz y with tix yd't but 1741 flysyze
and so on

Nar suppose Fis R has the property
that there is some e 0 and sequences

Xmyn in S with Ix yuto yet
lflxnt fly.ME For any

870 IN so

that Ix yuks for all u N yet that fake
D

The atom
gives us a tool for showing

a given function is not uniformly
continuous

Consider f 0,11 IR given by Axl sink
Consider E l W

Xn Iz rn yu 2I 2In



Not
Hn yal I n

TIKI 4

The
If f ab3 R is ok it's unity et

Pf
Suppose for the sake of contraditin that
F was cts but not unif Is Then

Frey's Xu yu
C a D W w so set

Ix yal o bit Ifa Hyuk e

Neut Xu has a convergent shag Xni
Note

if x 77 sinn

Yui Xu lui Xu

we have
Yui

2 as well Thus

f xn fly ft fl o

But lflxnil flyu.tl E K D



Then

If aid IR et is unif Is iff
x Ii fhi d x'Fifth exist



 

LecturebDifferentiation
Many times it can be hard to work with
a mathematical quantity directly and so we

have to work with simpler easier to understand
quantities that approximate the value we're

truly interested

In the case of functions of one variable
one class of simple easy to understand
functions are linear functions so we may
wish to approximate more complicatedfunctions
with linear approximations and this requires
that we understand differentiability and a

function's derivatives

In a first exposure to calculus derivatives

are introduced as the slope of the tangentline to the graph of the function This slope
is exactly what we need to define our

linear approximation We can estimate this
value by considering difference quotients which

give the slope of secant lines approaching

the tangent line



fh
b a

flH

Natin if we set h b a then

b b at a ath

and the difference quotient may be written as

f lath Fla

We consider the limit as b a Lor equivalently
as h o

Lina ftp.TdlninotGthh

If this limit exists we say f
is

differentiable at a and denotethe limit Flat
which is referred to as the derivative of



F at a

E.ge
Compute F 2 where 7474 2 2 1

ftp.fisafmb f 4 4 2 z l

him 4b't2b l 19
b 2 b 2

him 45 12b 20
b 2 Tz

bin lb 2 Mst lo
b 2 T

figs 45 10

18

Of course derivatives need not exist

If we tried to compute Flo mhm
74511 we would consider the limit



lim lothf uh's I
h o h

Notice though

Lisa In Lino tent

Eso this

Thus o does not exist we would
then

say 1 1 is notdifferentia at x o

As with any limit we can interpret the
derivative in terms of sequences

Then

F is differentiable at a w f a L

iff for every sequence xn a every
Xn in domain of f mo Xu equals a we have

f xn Fla L



This theorem is an immediate consequence of
our sequential interpretation of limits offunctions

This can be useful for showing a function
is not differentiable

Shor the function fled below is not
differentiable at 0

n

flxt fyxsinfxlifx.to
0 if x 0

Consider the sequences

Xue E n yu
3

Notice

t.nhis.tkIfold uh's
T Tn

Life sin 2In I



kin.tt 7old lEs n sinltI I

ten

Life sin t 2In

As these values disagree the limit tot o

does not exist so the function is not
differentiable at 0

If a function7defined on an interval I is

differentiable at every pointof I we just say
F is differentialleoni If f is differentiable
at every point in its domain we say 7
is differentiable

Provided f is differentiable we may regardthe mapping x Fix as a function also
called the derivative of f Ultimately we

want to have some tools for computing there
f ki functions given an expression Iefening
Fld as well as prove some basic properties
of these functions



Our first basic property is

p
myself f is differentiable at a then 7 is

continuous at a

We must show Lisa fix flat given that
Flat HE We simply notice

Fini H flats Eiichi Hap a

Fifa f fx Fla X a

tEatHII EE Ix al
f a O
0

Thus Lisa fix flax O EEFCA flat is

It's worth pointing out that while
differentiability of f implies continuity of f
the derivative f Id need not be continuous

An example of such a function will be in thehomework



In terms of computing derivatives we need a

few simple building blocks whose derivative we

can directly computer and then some rules

for describing how the derivativesoffunctionsbuilt from these building blocks can be
computed

Lemma
The derivative of a constant function fIx h
is zero at

every pointThe derivativeof the identityfunction fix x

is one at
every point

The proof of the two statements in the
lemma will be left as leasy exercises

Of course the constant functions and identity
function are pretty boring in andof themselves
but we can build up more interesting functions
like polynomials and national functions by adding
subtracting multiplying and dividing identity and
constant functions Thus we'd like to know how
derivatives interact with these operations



The
Suppose flx and GCH are differentiable functions
then
daxfflxst.glxD ftxlt.g.CH
ddxflxlglxt ftxlglxltflxlg.LA
IT Fg glxlftxl fa.ly

gcxt

fig fcxthstgchthl HC.it

bnigoFCxthl flxltglxthl glxlh

Ligo flxtHu fig glxthsuglxl

flxltg.IN
The proof for ddxlflxlglxlfft.it g 11
is
very similard

dxfcxjgcp
nhfofcxthlgcxthh fk.io

fig FCxt fgxhfgx
h

hi flxthlnflxl.gl h nligofwglxthlglxlh o h

flight flag Ldo da tg neg tginftIi

fgjglxlflxthl Tlxlglxthlhglxt.nlglx



Ligo glxlflxthl glxlflxtglxlflxlflxlglxthlhglxthlglxl
l.gg gMflxth HxD FCH gLxth gk

hglxthlglxl
nligoglxl.tt

hntH fwgcxtuh
gcxlglxthlgCx

glxlftxiflxlgtxgc.it is

From this we can easily prove the following
familiar rules

Lemmy
Suppose LH is a differentiable function k

any
constant and uzi is a positive

integer Then
ddxkflxtkfk.toXh nxn

Pf
ddxkflx Fuk f x th f x O fG th f 11

k f't
Here we'll use induction The base case n I

is taken care of our earlier lemma



which told us Fxx l That is

dax X I Xo L

Now
suppose we have proven Lxx LuDx

We then have

Fixx Fx xx

x x t x Fixx
t x n i x

2

I t n i x

n x D

Le now we've justified enough that we

can differentiate polynomials and nationalfunctions
w the familiar tricks from calculus

Cg

7 3 5 2 3 4 21 2 10 3

da
i D.l3xtD xtx 2

x if

There's still plenty we can't differentiate yet



however The next big rule we need is

the chain rule

The
elf f w g are differentiable then so

is their composition fog and

d
dxflglxlt flglxhg.hn

Pf
Life flglbDflgc.me

b x

fine flglmftgu.gl gn
b x glbtgtx

fig flgM fIg
gemgu

glh g
b X

fig HgM Hg ein
geldglx b glh g

b X

fig flgM fIg
gets gu g

x

Now notice that since g is differentiable it

must be continuous so g b glad as b x



Thus the denominator is approaching 0 Let
h glbt gu and we may write our limit as

lin fIght th tight
h o g x

f gm g ki D

Notice that above we said Lxii ni if
n is a positive integer our proof would not
work for other values for the exponent However

the chain rule will allow us to apply this

rule to some other exponents besides just integersIn particular by interpreting Tx x as

the inverse of it it suffices to have
a rule for differentiating inverse functions

The
Suppose f is invertible and differentiable
Then the inverse F is also differentiable
whenever f HHo and satisfies

dd f th f lxX



Pf
Sina f w f are inverses we have

f If xD x

for all x in the domainof 7 As these
two functions are equal their derivatives

are equal so

dd f If 1 4 1

By the chain rule this becomes

f f x daff 1 7 1

Eh f A f TxX D

We can apply this to differentiate rx

darn 2

or alternatively
day tax



We
may extend

this to show for any rational
number of dj Eq Eqx
The details will be left as an exercise

but the idea is to write IT 5
and interpret this as a composition and

apply the chain rule When differentiating it
treat this as the inverse of it and use

the inverse derivative rule above

Let's finish up our discussion of these
basic derivative properties by relating thederivative to extrema of a function

Recall that a point c is a localmaximum

of a function f defined in an open ball
c e uh around c if fCdt ft for all x

in that open hall i.e all c Ecx Late

A localminimumy is defined in the same way
but fide fix for all x in that E ball

Our first result relating local extrema



to differentiability is

The l ermat'oTheoum

If f is a local extremism of f then
either fCd o or f is not differentiable
at c

Pf
Suppose c is a local minimum there exists
some E 0 so that f c 3 fix for all
x satisfying c Cixi ate and suppose
also that f Cd exists Then we want to
show f Ii must be zero

By definition

F'la fisticuff
exists Let her be a sequence approaching
0 with Oshie 1C the value above
Then cthue e E ct e and flattie f c
Thus

flethal f e
T

E O



so Ijn f teth fee
T E O

Now let hi be a sequence convergingto 0 with echiao Again
f lathi Efcc but as hi 0 we have

f lathi Fci
770

So this Heth
Fu

T 0
as well Together

with our earlier statement this means fCal o D

As global extremes are also local extrema
this suggests a method for computing
the global extrema of a continuous function fan
on an interval aid Determine all the

points of aid where f 1 7 0 or is undefined
these are called criticalpoints By Fermat's
theorem the global extremes must be a

critical point or an endpoint a n b

of the interval So just evaluate fixat every critical point and the endpoints
and determine which gives the largest and



smallest possible values of fix



 

Lecturel4 ThemeanvalueTheoum andconsequences

One of the most important theorems of calculus is
something calculus students rarely pay muchattention to because its use lies primarily
in
proving

other theorems As we will
see the mean value theorem is a workhouse

behind the scenes in many of calculus most

useful and applied theorems

Geometrically the MVT says that iff in differentiable on aid then there
exist a point c in laid so that the
tangent line to y fix

at x c is parallel
to the secant line joining

Caflax w lb.fm

if

I
Before proving the MVT we prove a

simpler version called Rolle's theorem



Lemmy Rolle's Theorem

Suppose F aid R is continuous and is

differentiate on laid If flat Fcb then
there exists a c in laid such that
f d O

Pf
If fLd flat for all x in aid then
it's a constant function and has derivative
zeros at every point Otherwise since

f is continuous on a closed bounded interval
so by the extreme value theorem has both
a global man and a global m As
Flat fhi at least one of the main or min

occurs in laid Since f is differentiable
on laid Fermat's theorem tells us that
the derivative is zero at that

extremum D

Once we have Rolle's theorem at our

disposal proving the mean value theorem becomes

very easy

The Mean Value Theorem

Suppose F is continuous on aid and differentiable



on laid Then there exists d laid see that
file HIFI

Consider the function

gun ft Ita Hb h Ita HAD

Notice
glx is continuous on aid and differentiate

on laid In addition

glal flat ISI fast tanta flat
f a Ot f la
0

glbt f b BET f Ib t I
b
a HAD

f b f b t 0

0

By Rolle's theorem there exists a cecab
so that g Ho Notice though

gtxt ftxl tfh.at thatf G ftp.a



Thus if g G O we have

f Ii 7M42 o

f ca H jf is

The mean value theorem has some surprising
and useful applications

I
Suppose FLA is defined and differentiable
everywhere and it is known that
f lot 2 and f'txt4 for all x What
is the largestpossible valueof fhot

If we apply the mean valuetheorem to f on

0,103 then there exists a c such that

f let
t I 7k

But f hit 4 for all x so

f c E 4
ft C 4



71101442

We can also use the mean value theorem to

prove some other useful properties of functions

The
f is diffreSuppose

i ntialle on laid Then

F is increasing on laid iff f th o

for all a laid

A
Suppose F is increasing Let x be any
point in laid and

Yu a sequence
where each XLynLb and

yu
b Consider

fkn Ei t4Y7
But the numerator and denominator are

both positive for every n so the limit is

positive

Now
suppose Fhdzo for everypoint

Xtlaid Let acxcy b We must show
f HE ftp Now apply the mean value theorem



to f on the interval xp There exists
a c in IXy so that

F c 74k
y x

Since f 1420 we have

OE f41
y x

Ok fly f x

fly E fly B

We
may similarly prove that for a differentiable

function f defined on CaD F is decreasing

iff f Nito for all xelais w f is
constant on laid iff f 1 1 0 for all xetaid
One corollary of this is

Cor

Suppose F w
g are differentiable on Cair

w f't gild for all xtlaid Then
th glatk for some constant k



F
Notice

d
dxlflxl gl.it O for all x so

fCHGIA is constant D

There is another stronger version of the
mean value theorem which is sometimes useful
called the Cauchymeannabetheorem i

The Cauchy mean value theorem

Suppose F and y are functions which are

continuous on aid and differentiable on

laid Then there exists a c Claid such
that

f Id Hh
glbt glas

Consider the function hlx defined on aid
as

him Hibs flaxglen Igad glaDffxs

Notice Wal Hai Fiatgla glad glassflat

flagla fledged f agas f taiga



f bgla FcagCb

and

hlb HID fGglbt lglbl glatfcb
fcblglb fcalglbl flblglhltfcbgcal
fh.ly a flaigchD

Thus by Rolle's theorem there exists a chain
with h Id o But notice

441 Htm Flatgtx gas glatt
Thus when x c we have

fCh flat g Cc gas glad f Cos 0

flu flat g
c gas glad f lo

F k
fggas glal

D

Notice the normal mean value theorem is

a corollary of the Cauchy mean value



theorem
just take gla x

One example of how the Candy mean value
theorem

may be used
is in proving LTtopitals

rule

The L'Hopilal's rules
Suppose Fg lait R are continuous and

differentiable If a laid with xhiitia IIgun o

then

t.EEixEiIii
provided the limit on the righthandside
exists
pF
By the Candy mean value theorem for
every xela.ci there's a pointylx ly
depends on x in x d

Fg
xM fld
ya gu g't

sina.nu
As x c yly c as well and we have



II t.ly fIi.Hes
fCxi

g
HD gta g41

But f w
g are continuous and we have

assumed xhic Fix Eight 0 By continuitythis means fCc glo o Thus the above
becomes

fine.fi
H fii.txIIN gin

Let's notice in general that if xakhdle

for all x and if Kiska exists thenxhii llkcxt xhii.lk Details left as an exercise

so the lefthand side above becomes

t.si fiI xhItgFa
Repeating the same argument applying the

Cauchy mean value theorem on the
internal Lc xl for xeleis gives

t.sigi tEetgFa



And together then tell us

e gE ix gs
L Higsital's rule is usefulfor calculating
a number of otherwise very difficult limits

Compute
him 5xbtx 5
X 9 7 t 5 10 4 thx't 2x 20

Notice the numerator and denominator are

polynomials so continuous and

hi 5
6
t x 5 2 1 5 t l 5 I 0

lyin 9
7 tx tox 18

3
2 201 91 1 lot 181 2 20 0

Thus we
may apply l'Nopital's

rule to unite

Ei iI o E



301 4 to

63754015472
24
84 F



 

Lecturel5TheRiemanninteguthle
now turn our attention to what will

turn out to be the opposite of differentiation
Riemann integration

Though originally motivatedbythegeometric problem
of computing areas integration has become
ubiquitous in mathematics For example many important
and interesting quantities in probability and
statistics and physics are defined or computed

in terms of integrals However several different
types of integrals exist Many problems in
probability and dynamical systems are concerned

with Lebesgue integration Lebesgue is pronounced
heh baygii which extends the notion of
integration you learned in calculus so that
a review class of functions can be integrated
and integration can also be defined on

more abstract spaces besides IR w IR

For example as we'll see soon Riemann

integrals of a function f laid R can only
be defined if f is bounded Thus a

function such as the following



f of IR
FH
42 if a tan new
I otherwise

y ly

Is not Riemann integrable however

in a Lebesgue integral you're allowed to

ignore sets of zero size which will include
any finite or countably infinite sets such
as 1h 14 Is 3 and in doing so the function
becomes Lebesgue integrable with integral 1

Our goal in this clan will be to studythe Riemann integral but we mention the
above to point out there are other integration
theories so the adjective Riemann is not
redundant Having said this we'll sometimes

just say integral when we mean Riemann



integral since this is the only integration
theory we will consider

The motivating problem for integration is

determining the one between a graph
y f

x and an interval laid in the
domain of F where for the moment we'll
suppose f x 0 for all x CLaid

The idea will be to approximate this
area with an easier to compute quantity
sums of areas of rectangles which approximate
our region

it.it Ik

To be precise we introduce the idea of
a tagged partition Recall that a partition
of aid is a set P Xo x x xD where

a _Xo L X LX L C Xu n L Xu b



So P allows us to break aid into
suhintervals

X X X X L X X

We will let bxi denote the length ofthe ith sulinterval bxi Xi Xia We
will eventually care about the length of
the largest subintenal and call this
the none of P denoted Pt

IPY maxtbx.ba BxB

A taggedpartition P't is a pair ftp.T
where T is a set of tags points
x C Xi a xD

a x

K bxi k DXFK sxr.SI K Sx I

Given a function F defined on Cats and



a tagged partition P we define the
Riemannsure of f wit P't as

slf.PH FIFI bxi
In terms of our areas of rectangles
picture ft is the height of the in
rectangle Dx is the width and see 71 Dx
is it area

y µµ µµ

Intuitively we want to take the
limit of Riemann seems SH.PH
as the widths of these rectangles lie
the nouns 1PM go to zero We will make
this precise as follows



A function f defined on laid is Riemann

integrate if there exists an Leksuch that

for every Go there exists 8 o see that

for all tagged partitions P satisfying
1101 s we have ISHP 4Le This
L if it exists is called the Riemann

integral of f over Laird and denoted Efendi

The definition above can be tedious to
use so it's helpful to have some

equivalent criteria

First let0 suppose F aid R is bounded
Then for any giver partition

P of cats
let's define two quantities will denote

Ulf P w LH P as follows First for
each subinterval Exa xD determined by
P define

m i inflflxllxelxi.IR
Mi supltlxlxelxin.x.is

We then define



If p midxi

UH P If Miki
Lemmy
Fer every tagged partition

P

LIF P E Slf P't EU F P

Nau P is P't sans tags

Pf
Just observe for every XI

c Exit xD

mi E f xt EMi D

Nar given any two partitions P R of
aid we'll say B is a refinement of P
if R P I e every subinternal determined

by P may
be broken up into

more

subintervals by PD
www ru is



Lanny
If BIP is a refinementof partitions
then UCR f E UCP f and LCR f ZLCR.tt
pf
Suppose Xin Xi is a subuitenal determined

by P w that P breaks this up into
x x 3 Ex x 3 Exim xD

i a.fi
x x x xii x

Notice suplfulxllxelxij.sxjBL suplflxllxelxi.mil
Mig Mi

Our corresponding scams have

II N'jlxji xjleif.micxji xg.it
Minglxji xp
Mi Xia Xi

Applying this to every subintural of



P gives Ulf B
C UH P The result

for L's is similar D

Lenny
For any two partitions P P not
necessarily refinements of one another

LCF P E Ulf P

Note P w P ane subsetof PvP
Herne

Ulf Pup E Ulf P
It Pup 7 LIF P

Thus

F P E LIF Pup c Ulf PvP C Ulf P is

Fun earlier lemma

Now let IT be the setof all partitions P

of Laird We define

Ulf inf Ulf D PET
f sup UFP PET



Lemmy
UH LH iff for every Cio there
exists a partition Pe such that

UH Pe LH Pe ie

Pf
Suppose Ulf LH Then for every e 0
there exists partitions P w p suck that

Ulf P Ult t Ete

Ll't P L f 42

Define Pe Pup Then UH R LUH P
w Ll't Pe LIF P Have

Ulf Pe Ulf t4e
LIF Pe LH 42

Multiplying the second inequality by 1 we

have
Ulf Pe LUH t k

LIF Pe L h L f



Adding these inequalities gives

UH Pe LIF Pe LUH LIF t E

But UH UH and we have the desired
inequality

Suppose 7 Pest UH Pe Uf Pice
As Ulf E UHPel w LH Uf Pe so

LFGELH.pe we have

Ulf LIF c UH Pe Uf Pesce

Letting E o
gives UH Uf to But

Ulf UH so Ulf 47120 Thus
Ulf LH O and Ulf Uf D

Lemmy
For

every
C 0 and

every partition P I

tag for P at UH p SH Ice and

similarly a possibly different set of tags
so Slf P LIF D LE

PfFreise D



Thun Cauchy criterion for Riemann integrability
F aid R is Riemann integrable off for
every E o there is a s o such that

for all tagged partition PIPE such that
Pills ISHPf Slf ke

pF
Suppose F is Riemann integrable ILER st

two 3 so so that if IPKS then
ISHP LILE Let s best IPks ISH.PT 4242
Then

yslf.pt SHPill

ISH PF Lt L Stf Pity

C ISH PF 4th SH PID

L Ee t Ek E

For the converse see
pg

172 of Gordon D



Them

F is Riemann integrable iff UH LIF

F
Suppose F is Riemann integyhk.Fh.gg there
exists an L so that forevery partition
P satisfying IPks ISLIP't 4 42

We also have LCFP E SLIP't 2 Ulf p

By changing tags if necessary we also
have Ulf p SH P 242 Thus

µH P LIE LUHP slf.PTHSH.PT 4
L 42 the

E

Similarly WH P LICE Hence

Ulf P LIF P

can be made less than 2E But
Ulf P 2Ulf and UFP C 471 so

Ulf LIF L2E

Letting E go to zero gives Nfl UH



Suppose UH Lift Let c o be
gain I R

d

M
sup
FG xC

ab3

Lf LIFB E

m int
fix x

C ab

Let 8 12mints x bae nun in 3
where these are sutinterras of Pe

Let P be any partition st IPks

Notice
every interval of P contains at most

one pot ofR P in almost a refinement YP
Let P P up be the common refinement

of P W Pe Notice P Pu Ex xz xn

Say y Zi Ye te r Yu c P st
y
L Xie Zi

and rootmettof P is in Eye zit The

Ulf P Ulf P

s.pgtlxllxthifiB.FIfilxi yi tNilzi xi Qilzi yiDtint fly xelyi.xdtsuplflxlkxi.tt

it f i y
t M Iti xi m ti yid

E.ME Cxi yi th i xiD m fei yi



C
Min 28 mns
n 2M m

E
n 12M ml

D

Lemmy
elf f aid IR is Riemann integrable
then f must be bounded

Pf
Suppose instead f was unbounded Let E o

be given If F was integrable with
SabfHdx L then there would exist a 870

such that Pks ISH P LICE regardless
of the tags used Since f is unbounded

Fx xnx in aid with Hal N For

any
820 though we

may
consider a

partition P with Pks and one of the
chosen tags xit satisfying f hi cut24

ISHP't Ll I EthElbxi 4
7 HEH Axil H1



2 Elflxillbxi 141

7 HIXX Ai 141

2144 2E Fpi Axi 141

7 I 14T 2E 141
2E
C D

Lemmy

If f is Riemann integrable then

µ fladx E J IfMdx
Pffquuin
Then Fundamental Theorem of calculus
Tuppose f a D R is Thiemann integrable
Define a function F a bI R by

FCx J fladt
Thu F is continuous on aid differentiable
where F is continuous and Ftd Hd



Pf
Sina F is integrable it is bounded
Suppose 17411 EM for all x c Laid
Let x y

CLaid be
any point say x 7

Not

IFly FGM ItaffHdt fat def

µ fHdtf
c I HHdt
C

My xl
Thurs F is Lipschitz continuous and hence

unif Is on aid

Suppose F is continuous at x c laid

F'G hjm
Fx

X X X X

III x f fadt f that



x FHdt

We WTS F 11 711 which by the oboe
is equivalent to

fix J fthdt Fla

We'll use the E S definition of the limit
given any

00 we must exhibit a S o such

that if oclx x.us

fits dt flx.lk
Notice though

tho fix at

Thus our expression
above becomes

Htt fixes dt LE

Since f is continuous at xo IS such that

04x xdl.se 171 771 712 E Thus



I Htt fixoDdt

4
17th fixildt

0,1 edt

4 Efx x I

E B

Gr

Ff F has antiderivative F lie F 17 711

then
J 7k dx f lb Fla


